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I. QGP Properties

1 fm

T ≲150 MeV  

Hadron Gas — Color Singlets

nh = (2Sh + 1)

Z
d3p
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�E(p)/T ,

E =
p
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Like blackbody but with  
mass penalty



I. QGP Properties

Onset of  QGP 
T≳Tc ≃ 160 MeV 
≳ 3x nuclear density 
10,000 x T of  sun interior 
1030 J/cm3  



QGP Properties
Charge Rich!!! 
52 colored degrees of  freedom 
16 gluons 
36 light quarks: 

up, down strange, 
anti-up, anti-down, anti-strange 
spin ↑, spin↓ 
red,green,blue

52 quasi-particles in ~ one thermal wavelength



1. Eq. of  state (B=0 & B≠0) 
P(nB,𝝴) or P(𝜇,T) or cs2(nB,𝝴)… 

2. Charge susceptibility and fluctuations 
                                 - describes chemistry 

3. Quark-antiquark condensate 
“Chiral symmetry’’ restoration 

4. Viscosity — response to flow gradient  

5. Diffusivity/Conductivity — response to density gradient 

6. Electromagnetic opacity and emissivity 
7. QCD opacity (Jet quenching)

Defining Properties of the QGP

�ab = h�Qa�Qbi/V
<latexit sha1_base64="EIkLtDtsWxhbxZeyHN6YhAW3tTQ="></latexit>

h ̄ i
<latexit sha1_base64="tMeJ8SSXkial6LmLYMzMiA91F2w="></latexit>

�Tij = �⌘ [@ivj + @jvi � (2/3)�ijr · v]� ⇣r · v
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ja = �Dabr⇢b
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Eq. of State

• possibly 1st order ?? 
• phase separation 
  & critical point ??

2Study hot QCD matter

Phase diagram of water

(simplified)

Phase diagram of QCD

(simplified)
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phase transition?

Experimental study of QCD phase diagram by:
colliding nuclei head-on to convert cold 
nuclear matter into a fireball of partons



Eq. of State: 
Lattice Gauge Theory

Z =
X

i

hi|e��H |ii =
X

i1,i2,··· ,in

hi1|e���H |i2ihi2|e���H |i3ihi3| · · · |inihin|e���H |i1i

e
���H ⇡ 1� ��H
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10x10x10x10 lattice ➜ 520,000 dimensional path integral 
Needs VERY efficient Monte Carlo
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⇤
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�
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Eq. of State: 
Lattice Gauge Theory, 𝜇=0 9
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Figure 5: Spline fits to the trace anomaly for several values of the lattice spacing aT = 1/N⌧ and the result of our continuum
extrapolation (left). Note that the error bands shown here do not include the 2% scale error. The right hand panel shows
suitably normalized pressure, energy density, and entropy density as a function of the temperature. In this case the 2% scale
error is included in the error bands. The dark lines show the prediction of the HRG model. The horizontal line at 95⇡2/60
in the right panel corresponds to the ideal gas limit for the energy density and the vertical band marks the crossover region,
Tc = (154± 9) MeV.

Figure 6: The comparison of the HISQ/tree and stout results
for the trace anomaly, the pressure, and the entropy density.

fixing cn = cd = 0 gives an excellent parametrization of
all our numerical data and is in good agreement with the
HRG estimate, at least down to T = 100 MeV. Further-
more, this parametrization agrees with the N⌧ = 8 data
well beyond T = 400 MeV.

The values of the parameters in our ansatz for the pres-
sure, Eq. (16), are summarized in Table II. The results
of this ansatz for the speed of sound, energy density, and
specific heat are compared with our continuum extrapo-
lated error bands in Figs. 7 and 8.

V. SPECIFIC HEAT, THE SPEED OF SOUND
AND DECONFINEMENT

All thermodynamic quantities, for fixed light and
strange quark masses, depend on a single parameter—
the temperature. In Section IV, we derived the basic
thermodynamic observables (✏, p, s) from the contin-
uum extrapolated trace anomaly ⇥µµ(T ). We now dis-
cuss two closely related observables that involve second
order derivatives of the QCD partition function with re-
spect to the temperature, i.e., the specific heat,
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����
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4
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T 4
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and the speed of sound,

c
2
s
=
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@✏/@T
=

s
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. (18)

The quantity Td(✏/T 4)/dT can be calculated directly
from the trace anomaly and its derivative with respect
to temperature,

T
d✏/T 4

dT
= 3

⇥µµ

T 4
+ T

d⇥µµ
/T

4

dT
. (19)

These identities show that the estimates for the specific
heat and the speed of sound should be of a quality similar
to ✏/T

4 or p/T
4. In Figs. 7 and 8, we show the agree-

ment between the bootstrap error bands for these quan-
tities and the estimates obtained by taking second or-
der derivatives of the analytic parameterization for p/T 4

given in Eq. 16. The latter are shown as dark lines inside
the bootstrap error bands.

Hot QCD, A.Bazavov et al.,PRD 2014

Sharp rise in 𝝴/T4 near T~160 MeV 
Rise from hadron resonances coming into play 
Levels off  in QGP 



1. Eq. of State: 
Lattice Gauge Theory, 𝜇≠0 Hot QCD, A.Bazavov et al.,PRD 2017

10

up to µB ' 2T results for the pressure at low temperature are well described by a Taylor series truncated at NNLO,
while at higher temperature NNLO corrections are small even at µB ' 3T . This also is the case for nB/T 3, although
the NNLO correction is large at low temperatures and, at present, does not allow for a detailed quantitative analysis
of the baryon-number density in this temperature range.

It also is obvious that the Taylor series for the pressure and nB/T 3 in the temperature range up to T ' 180 MeV
are sensitive to the negative contributions of the 6th order expansion coe�cient. The occurrence of a dip in the sixth
order expansion coe�cient of the pressure has been expected to show up on the basis of general scaling arguments for
higher order derivatives of the QCD pressure in the vicinity of the chiral phase transition [24]. It may, however, also
reflect the influence of a singularity on the imaginary chemical potential axis [25] (Roberge-Weiss critical point [26])
on Taylor series of bulk thermodynamic observables in QCD. Even with improved statistics it thus is expected that
the wiggles, that start to show up in the expansion of pressure and net baryon-number density above µB/T ' 2 (see
Fig. 4) and reflect the change of sign in the sixth order expansion coe�cient, will persist. Getting the magnitude of
the dip in �B

6 /�
B

2 at T ' 160 MeV under control in future calculations thus is of importance for the understanding
of this non-perturbative regime of the QCD equation of state in the high temperature phase close to the transition
region. This also indicates that higher order corrections need to be calculated in order to control the equation of state
in this temperature regime.
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Figure 4. The µB-dependent contribution to the pressure (left) and the baryon-number density (right) in the case of vanishing
electric charge and strangeness chemicals potential for several values of the baryon chemical potential in units of temperature.
The di↵erent bands show results including Taylor series results upto the order indicated.

B. Net strangeness and net electric charge densities

For vanishing strangeness and electric charge chemical potentials the corresponding net strangeness (nS) and net
electric charge (nQ) densities are nonetheless non-zero because the carriers of these quantum numbers also carry
baryon number. The ratios of number densities are given by

nX

nB

=
�BX

11 + 1
6�

BX

31 µ̂2
B
+ 1

120�
BX

51 µ̂4
B

�B

2 + 1
6�

B

4 µ̂
2
B
+ 1

120�
B

6 µ̂
4
B

, X = Q, S . (28)

In a hadron resonance gas the ratios nS/nB and nQ/nB are independent of the baryon chemical potential and,
irrespective of the value of µ̂B , these ratios approach �1 and 0, respectively, in the T ! 1 limit. One thus may
expect that these ratios only show a mild dependence on µ̂B , which indeed is apparent from the results of the NNLO
expansions shown in Fig. 5.

For µQ = µS = 0 non-vanishing electric charge and strangeness densities only arise due to a non-zero baryon-
chemical potential. In the low temperature HRG phase nQ and nS thus only receive contributions from charged
baryons or strange baryons, respectively. The ratios nQ/nB and nS/nB thus are sensitive to the particle content in
a hadron resonance gas and a comparison with PDG-HRG and QM-HRG is particularly sensitive to the di↵erences
in the baryon content in these two models. It is apparent from Fig. 5 that at low temperatures the QM-HRG model
provides a better description of the lattice QCD results than the PDG-HRG model.

Taylor expansion in 𝜇B. 
Funky behavior for T<150 MeV, Phase transition???? 



Eq. of State at non-zero baryon density
Critical Point??



Critical Behavior



Fluctuations (things to keep in mind)

• Over total volume charge does not fluctuate  
• For T~Tc fluctuations are slow to develop 
• For T << Tc phase separation can be fast (unstable) 
• Dynamics are important 
• Must study correlations,

h�⇢(r, t)�⇢(r0, t)i
<latexit sha1_base64="RtDyoSDVJR1A8rs+IDYV10jaQfg="></latexit>



Charge Susceptibility

For 𝞵=0, h⇢ai = 0
<latexit sha1_base64="LgXT92n+liFKYRc2iXA1kxT3Xug="></latexit> “a” refers to up, down, strange 

or baryon, strangeness elec. charge

h(�⇢)3i
<latexit sha1_base64="d5x3v68XnFkd+9pC770yeexz2AM="></latexit>

h(�⇢)2i
<latexit sha1_base64="3tmgPwf5XbjoUi5AShUR+msf19U="></latexit>

compared to            depends on existence of  hadrons      

h(�⇢a)(�⇢b)i 6= 0

=
X

a

(na + nā)�ab, quark gas

=
X

h

nhqhaqhb, hadron gas
<latexit sha1_base64="j48RviWmal1DYXiEvxUlbFxwMHI="></latexit>



Charge Susceptibility from lattice
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Off-diagonal elements disappear 
for T>190 
Approach quark-gas limit at higher T



  

8                                                  F. Karsch,  CPOD 2018 F. Karsch,  CPOD 2018 

Ratio of baryon number – strangeness correlation and 
net strangeness fluctuations

2nd  & 4th  order cumulants
rapid approach to
free quark gas limit

conserved charge      quark number fluctuations:Bazavov et al., arXiV:1404.6511

Baryons dissolve for T>170 MeV

Susceptibilities: correlating 
baryons to strangeness



Quark-antiquark Condensate
Transition temperature and EoS from lattice QCD 2
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Figure 1. Left: Subtracted chiral condensate ∆l,s as a function of the temperature.
The gray band is the continuum result of our collaboration, obtained with the stout
action. Right: The trace anomaly normalized by T 4 as a function of T onNt = 6, 8, 10
and 12 lattices. The inset shows a comparison with the results of the Hadron Resonance
Gas model, including resonances from the Particle Data Book up to 2.5 GeV mass.

1. Introduction

The study of QCD thermodynamics is receiving increasing interest in recent years. A

systematic approach to determine the properties of the deconfinement phase transition

is through lattice QCD. Lattice simulations indicate that the transition at vanishing
chemical potential is merely an analytic crossover [1]. Some interesting quantities that

can be extracted from lattice simulations are the transition temperature Tc, the QCD

equation of state and, for small chemical potentials, the phase diagram in the µ−T plane:

we review the results on these observables that have been obtained by our collaboration

using the staggered stout action with physical light and strange quark masses, thus

ms/mud ≃ 28 [2, 3]. For all details we refer the reader to Refs. [4, 5, 6].

2. QCD transition temperature and Equation of State

We present here the results for the chiral condensate, and extract the value of Tc

associated to this observable; for the values of Tc obtained from other observables, which

reflects the nature of the crossover transition, we refer the reader to Ref. [4]. The chiral

condensate is defined as ⟨ψ̄ψ⟩q = T∂ lnZ/(∂mqV ) for q=u,d,s. It is an indicator for the
remnant of the chiral transition, since it rapidly changes around Tc. We calculate the

quantity ∆l,s, which is defined as [⟨ψ̄ψ⟩l,T −ml/ms⟨ψ̄ψ⟩s,T ]/[⟨ψ̄ψ⟩l,0 −ml/ms⟨ψ̄ψ⟩s,0]

for l=u,d. Since the results at different lattice spacings are essentially on top of each

other, we connect them to lead the eye (see the left panel of Fig. 1). The value of Tc

that we obtain from the inflection point of this observable is Tc = 157(3)(3).

Next we present our results regarding the equation of state; in the right panel of
Figure 1, the T dependence of the interaction measure is shown for the 2 + 1 flavor

system. We have results at four different lattice spacings. Results show essentially

no dependence on “a”, they all lie on top of each other. Only the coarsest Nt = 6

lattice shows some deviation around ∼ 300 MeV. On the same figure, we zoom in to

Budapest/Wuppertal Lattice

• Gives quarks 
       “constituent” mass 

• melts ~ T=160 MeV 
same T as QGP transition 

• would be 2nd order 
 if  u,d quarks massless

hūu+ d̄di
<latexit sha1_base64="dvitKMGICigYcdE3Je/ca5FYFrA="></latexit>

hūu+ d̄di
<latexit sha1_base64="dvitKMGICigYcdE3Je/ca5FYFrA="></latexit>



Linear-sigma model 

Hadronic degrees of  freedom

L =
1

2

�
~⇡ · @2~⇡ + �@2�

 
+ V(�,~⇡),

V(�,~⇡) = �1

2
m2

0

�
~⇡2 + �2

�
+

�

4

�
~⇡2 + �2

�2 � g�,

h�iT=0 = f⇡ = 93 MeV
<latexit sha1_base64="LfSd2OXeda8kJwabINVgIyznKpk="></latexit>

Add coupling to baryons

𝜎

𝜋

V(𝜎,𝝿)

Pion is Goldstone boson

 ! exp(i�5~⌧ · ~✓) 
<latexit sha1_base64="SHfnl2EWjA3O43cI5jygGcH3j74="></latexit>

Chiral Symmetry in QCD 
 

 
Invariant for massless quarks

Goldberger-Treiman relation

Lbaryons = g⇡NN

⇥
 ̄� +  ̄(~⇡ · ~⌧)�5 

⇤

gAMB = g⇡NNf⇡
<latexit sha1_base64="nwBbTwJcPOuQ7H2DlpcW3IPFK84="></latexit>



Linear-sigma model 
(chiral symmetry breaking)

Many variants: non-linear sigma model, NJL, 
couple to quarks, gluons ….. 

Open issues 
1. As 𝜎 ➜ zero, 
      Do hadron masses go to ~zero 
      or do they pair up? e.g. 𝞀 and a1 
2. Is there any window with both restoration and where hadronic 
degrees of  freedom are relevant? Lattice: maybe not



Transport Coefficients…

Diffusivity/Conductivity, Viscosity, Opacity, … 
Can be written in terms of  thermal averages: 

Linear response theory & Kubo relations



Example: Conductivity
h |J(x = 0, t = 0)| i = �E,

| (t = 0)i ⇡ | 0i �
i

~

Z 0

�1
dt (�E(t)x⇢(x, t)dx| 0i

� =
i

~

Z 0

�1
dtdx xh[J(0, 0), ⇢(x, t)]i

=
�i

~

Z 0

�1
dtdx xth[J(0, 0), @t⇢(x, t)]i

=
i

~

Z 0

�1
dtdx th[J(0, 0), x@xJ(x, t)]i

=
�i

~

Z 0

�1
dtdx th[J(0, 0), J(x, t)]i

=
�i

~

Z 1

�1
dtdx thJ(0, 0)J(x, t)i

<latexit sha1_base64="ISAR/rA0bgBRQVhM7jINr5Su4t0="></latexit>

Kubo relation 
(commutator)



Deriving “anti-commutator" Kubo relation
Connection to classical physics

G(t) ⌘ hA(0)A(t)i
= Tr e��HAeiHt/~Ae�iHt/~

G(i~�/2 + z) = Tr e��HAeiHz/~��H/2Ae�iHz/~+�H/2

= Tr e��HAe�iHz/~��H/2AeiHz/~+�H/2

= G(i~�/2� z)
<latexit sha1_base64="PE/7PP1nk/HSvYW7KdVXZfbHZaM="></latexit>

Cyclic property of  trace



anti-commutator 
classical or quantum

I2

I1

I3

I4 Real(z) = t
<latexit sha1_base64="RJSjgUoOEgS8vTWZe3ZPetr69hw="></latexit>

Im
ag

(z
)

<latexit sha1_base64="GVoSrhO1bqXP3hlxhi1mFPGUBjg="></latexit>

I1 + I2 + I3 = 0, analyticity

I2 = 0, symmetry

I1 = I4, symmetry

I4 + I3 = 0
<latexit sha1_base64="Z+1GdB+b6UYhRMgkvbCinUWgQd4="></latexit>

“anti-commutator" Kubo relation� =
�i
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cyclic prop. of  trace

i~�/2
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Transport Coefficients
� =

�i

~

Z 1

�1
dtdx thJ(0, 0)J(x, t)i,

=
1

2T

Z 1

0
dtdx h{J(0, 0), J(x, t)}i

<latexit sha1_base64="cVfdSA1yvK2HnBEouNlRdeemoUk="></latexit>

Kubo: correlations in real time

Lattice: calculates in imaginary time

Analytic continuation involves difficult-to-constrain errors 
Lattice results for conductivity, diffusivity, viscosity… 
are suspect

Z =
X

i

hi|e��H |ii =
X

i1,i2,··· ,in

hi1|e���H |i2ihi2|e���H |i3ihi3| · · · |inihin|e���H |i1i

e
���H ⇡ 1� ��H

<latexit sha1_base64="iOYq3256r/uD4OR3C788Bk1DW6k="></latexit>



Diffusivity/Conductivity

J = ��
dV

dx

= �e�
dµ

dx

= �e�
d⇢

dx

1

d⇢
dµ

= �e�
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dx
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dx

D =
�

�
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Figure 14. Di↵usion coe�cient D multiplied by 2⇡T as a function of the temperature T , using
D = �/�Q. The vertical size of the rectangles represents the systematic uncertainty due to the un-
certainty in the estimate of the conductivity (see Fig. 10), while the whiskers indicate the statistical
jackknife error from both � and �Q.

Finally, we remark that an attempt to determine the charm di↵usion coe�cient can

be found in Ref. [73] using quenched lattice simulations on large and fine isotropic lattices,

with the finding that D ⇠ 1/(⇡T ) in the deconfined phase. For very heavy quarks vari-

ous di↵usion coe�cients are being determined using heavy-quark e↵ective theory, see e.g.

Refs. [74–76] and references therein.

7 Conclusion

The main result in this paper is the determination of the electrical conductivity and charge

di↵usion coe�cient at nonzero temperature in QCD with Nf = 2+1 quark flavours, using

anisotropic lattice QCD simulations.

Our results for the conductivity � confirm our previous findings where only the u and

d quark contributions were taken into account: �/T increases by a factor of 5–6 in our

temperature range, which spans the chiral and deconfinement transition. We note that

the results for the conductivity at the lowest temperature should be treated with caution,

since a possible narrow transport peak resulting from hadronic interactions would not be

– 22 –

AdS/CFT
Lattice 
G.Aarts et al., JHEP(2015)

Hadron gas

Diffusion Constant



Viscosity

Same steps as conductivity: 

For gas,

Kubo relation

Less work, less cooling

@vz
@z

> 0
<latexit sha1_base64="Dj6bFPrruPp5I0W7OIVUZj7IN5A="></latexit>
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⇡ij = �⌘ [@ivj + @jvi � (2r · v)�ij/3]� ⇣r · v
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Viscosity: Kubo relation

Kubo:
4

FIG. 2. (color online) The viscosity to entropy ratio ex-
tracted from calculations with small velocity gradients (red
circles) di↵ers from that calculated with large velocity gradi-
ents (blue circles), when one sets the viscous parameter �⇡ = 0
as illustrated in panel (b). By setting the value �⇡ = 0.96,
the extracted viscosity becomes consistent for both velocity
gradients as seen in panel (d). In the upper panels (a) and
(c), the relaxation time ⌧⇡ is displayed, which mirrors the
behavior of the viscosity. The extracted relaxation time in
(c) consistently matches a value of two collision times, 2⌧coll,
which is represented by dashed lines.

with the hadron density, and because the hadron density
behaves approximately inversely with ⌧ , the values for ⌘0

and ⌧ 0⇡ in Eq. (8) are e↵ectively modified by a constant
factor when �⇡ is introduced. Thus, the fits in Fig. 1 are
indistinguishable with or without �⇡, but the values of
the viscosities and relaxation times di↵er. Fig. 2 shows
the extracted viscosities as a function of temperature as-
suming �pi = 0 and assuming �⇡ = 0.96. For the value of
0.96, the viscosities and relaxation times are nearly the
same for the large and small values of ⌧0.
To more strongly demonstrate the e↵ect of �⇡ 6= 0,

several initial times were studied for the initial tempera-
ture T0 = 150 MeV. The extracted viscosities are shown
in Fig. 4, for both the case of �⇡ = 0 and �⇡ = 0.96. Ef-
fectively, the value of 0.96 was chosen by varying it until
the viscosity in Fig. 4 was independent of ⌧0.

II. CONCLUSIONS

Given that the analyses based on small velocity gradi-
ents resulted in shear e↵ects where ⇡zz/P is of the order
of one percent, the extracted shear viscosities and relax-
ation times should be close to the correct values. How-
ever, the conditions of heavy-ion collisions can be quite
di↵erent in that shear corrections can easily be tens of
percent. To test whether this procedure works equally

FIG. 3. (color online) The same as Fig. 1, only with
�⇡ = 0.96. The fits to the same evolutions of the stress-
energy tensor are practically indistinguishable from Fig. 1
where �⇡ was set to zero, but the extracted viscosities dif-
fered significantly for the cases with large velocity gradients,
i.e. the small values of ⌧0 used in the right-side panels (e-h).

FIG. 4. (color online) The extracted viscosity to entropy
ratio is shown for several runs which were all initialized with
the same initial temperature, T0 = 150 MeV, but had dif-
ferent initial velocity gradients, 1/⌧0. When setting �⇡ = 0
(red circles), the extracted viscosity was sensitive to the ini-
tial velocity gradient, but with �⇡ = 0.96 (blue squares), the
results were independent of viscosity. This illustrates the im-
portance of including the term in the Israel-Stewart equations
for values of ⌧0 in the neighborhood of those encountered in
heavy-ion physics, ⇠ 5� 10 fm/c.
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Electromagnetic Emissivity and Opacity

Photons make it through QGP fireball (90% of  time)  
“Penetrating probe” 
Both direct photons and dilepton production 

In practice, emissivity calculated as sum of  MANY  
microscopic processes: 
      hadronic decays, Bremmstrahlung

E
dN

d4x d3p
=

X

h

✏hi✏hk

Z
d3r dt eiEt�ip·rhJi(0, 0)Jk(r, t)i
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Jet Opacity
•Similar to photons 
 — non-Abelian nature 

•Anne Sickles will cover this



Open questions for HOT matter

• Equation of  state for large 𝞀B   
  — Can you calculate it? 
  — Is there a 1st-order phase transition? 

• Transport coefficients 
  — correlators in real time 

• Role of  chiral symmetry restoration in hadronic gas?


