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The Little Bang (Credit: Chun Shen/Paul Sorensen)
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The action is where the glue is!
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Event-by-event shape and flow fluctuations rule!
Event-by-event shape and flow fluctuations rule!

(Alver and Roland, PRC81 (2010) 054905)

• Each event has a different initial shape and density distribution, characterized by different set of

harmonic eccentricity coefficients εn

• Each event develops its individual hydrodynamic flow, characterized by a set of harmonic flow

coefficients vn and flow angles ψn

• At small impact parameters fluctuations (“hot spots”) dominate over geometric overlap effects

(Alver & Roland, PRC81 (2010) 054905; Qin, Petersen, Bass, Müller, PRC82 (2010) 064903)

U. Heinz RETUNE2012, 20-24 June 2012 20(47)
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Panta rhei! “soft ridge”=“Mach cone”= flow!Panta rhei: “soft ridge”=“Mach cone”=flow!
ATLAS (J. Jia), Quark Matter 2011 ALICE (J. Grosse-Oetringhaus), QM11

• anisotropic flow coefficients vn and flow angles ψn correlated over large rapidity range!

M.Luzum, PLB 696 (2011) 499: All long-range rapidity correlations seen at RHIC are consistent with being entirely

generated by hydrodynamic flow.

• in the 1% most central collisions v3>v2

=⇒ prominent “Mach cone”-like structure!

=⇒ event-by-event eccentricity fluctuations dominate!
U. Heinz RETUNE2012, 20-24 June 2012 21(47)
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Event-by-event shape and flow fluctuations rule!Event-by-event shape and flow fluctuations rule!

ALICE (A. Bilandzic) Quark Matter 2011

• in the 1% most central collisions v3>v2 =⇒ prominent “Mach cone”-like structure!

• triangular flow angle uncorrelated with reaction plane and elliptic flow angles

=⇒ due to event-by-event eccentricity fluctuations which dominate the anisotropic flows in the

most central collisions

U. Heinz RETUNE2012, 20-24 June 2012 22(47)
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Kinetic theory vs. hydrodynamics

Both simultaneously valid if weakly coupled and small pressure gradients.

Form of hydro equations remains unchanged for strongly coupled systems.

Boltzmann Equation in Relaxation Time Approximation (RTA):

pµ∂µf (x , p) = C (x , p) =
p·u(x)

τrel(x)

(
feq(x , p)−f (x , p)

)
For conformal systems τrel(x) = c/T (x) = 5η/(sT ) ≡ 5η̄/T (x).

Macroscopic currents:

jµ(x) =

∫
p
pµ f (x , p) ≡ 〈pµ〉; Tµν(x) =

∫
p
pµ pν f (x , p) ≡ 〈pµpν〉

where

∫
p
· · · ≡ g

(2π)3

∫
d3p

Ep
· · · ≡ 〈. . . 〉
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Hydrodynamics for strongly anisotropic expansion (I)

Account for large viscous flows by including their effect already at leading
order in the Chapman-Enskog expansion:
Expand the solution f (x , p) of the Boltzmann equation as

f (x , p) = f0(x , p) + δf (x , p)
(∣∣δf /f0∣∣� 1

)
where f0 is parametrized through macroscopic observables as

f0(x , p) = f0

(√
pµΞµν(x)pν − µ̃(x)

T̃ (x)

)

where Ξµν(x) = uµ(x)uν(x)− Φ(x)∆µν(x) + ξµν(x).

uµ(x) defines the local fluid rest frame (LRF).
∆µν = gµν−uµuν is the spatial projector in the LRF.
T̃ (x), µ̃(x) are the effective temperature and chem. potential in the LRF.
Φ(x) accounts for bulk viscous effects in expanding systems.
ξµν(x) describes deviations from local momentum isotropy in

anisotropically expanding systems due to shear viscosity.
Ulrich Heinz (Ohio State) RHIC Theory 7/17/2017 10 / 36
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Hydrodynamics for strongly anisotropic expansion (II)

uµ(x), T̃ (x), µ̃(x) are fixed by the Landau matching conditions:

Tµ
νu
ν = E(T̃ , µ̃; ξ,Φ)uµ;

〈
u·p
〉
δf

=
〈

(u·p)2
〉
δf

= 0

E is the LRF energy density. We introduce the true local temperature
T (T̃ , µ̃; ξ,Φ) and chemical potential µ(T̃ , µ̃; ξ,Φ) by demanding
E(T̃ , µ̃; ξ,Φ)=Eeq(T , µ) and N (T̃ , µ̃; ξ,Φ)≡〈u·p〉f0 =Neq(T , µ).
Writing

Tµν = Tµν
0 + δTµν ≡ Tµν

0 + Πµν , jµ = jµ0 + δjµ ≡ jµ0 + V µ,

the conservation laws

∂µT
µν(x) = 0, ∂µj

µ(x) =
N (x)−Neq(x)

τrel(x)

are sufficient to determine uµ(x), T (x), µ(x), but not the dissipative corrections
ξµν , Φ, Πµν , and V µ whose evolution is controlled by microscopic physics.

Ulrich Heinz (Ohio State) RHIC Theory 7/17/2017 11 / 36
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Hydrodynamics for strongly anisotropic expansion (III)

Different hydrodynamic approaches can be characterized by the different assumptions
they make about the dissipative corrections and/or the different approximations they use
to derive their dynamics from the underlying Boltzmann equation:

Ideal hydro: local momentum isotropy (ξµν = 0), Φ = Πµν = V µ = 0.

Navier-Stokes (NS) theory: local momentum isotropy (ξµν = 0), Φ = 0, ignores
microscopic relaxation time by postulating instantaneous constituent relations for
Πµν , V µ.

Israel-Stewart (IS) theory: local momentum isotropy (ξµν = 0), Φ = 0, evolves
Πµν , V µ dynamically, keeping only terms linear in Kn = λmfp/λmacro

Denicol-Niemi-Molnar-Rischke (DNMR) theory: improved IS theory that keeps
nonlinear terms up to order Kn2, Kn · Re−1 when evolving Πµν , V µ.

Anisotropic hydrodynamics (aHydro): allows for leading-order local momentum
anisotropy (ξµν , Φ 6= 0), evolved according to equations obtained from low-order
moments of BE, but ignores residual dissipative flows: Πµν = V µ = 0.

Viscous anisotropic hydrodynamics (vaHydro): improved aHydro that
additionally evolves residual dissipative flows Πµν , V µ with IS or DNMR theory.

Ulrich Heinz (Ohio State) RHIC Theory 7/17/2017 12 / 36
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Bjorken flow

BE for systems with highly symmetric flows: I. Bjorken flow

Longitudinal boost invariance, transverse homogeneity (“physics on the light
cone”, no transverse flow) =⇒ uµ = (1, 0, 0, 0) in Milne coordinates (τ, r , φ, η)
where τ = (t2−z2)1/2 and η = 1

2
ln[(t−z)/(t+z)] =⇒ vz = z/t

Metric: ds2 = dτ 2−dr 2 − r 2dφ2 − τ 2dη2, gµν = diag(1, −1, −r 2, −τ 2)

Symmetry restricts possible dependence of distribution function f (x , p)
(Baym ’84, Florkowski et al. ’13, ’14):

f (x , p) = f (τ ; p⊥,w) where w = tpz − zE = τm⊥ sinh(y−η).

RTA BE simplifies to ordinary differential equation

∂τ f (τ ; p⊥,w) = − f (τ ; p⊥,w)− feq(τ ; p⊥,w)

τrel(τ)
.

Solution:

f (τ ; p⊥,w) = D(τ, τ0)f0(p⊥,w) +

∫ τ

τ0

dτ ′

τrel(τ ′)
D(τ, τ ′) feq(τ ′; p⊥,w)

where D(τ2, τ1) = exp

(
−
∫ τ2

τ1

dτ ′′

τrel(τ ′′)

)
.

Ulrich Heinz (Ohio State) RHIC Theory 7/17/2017 14 / 36
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Gubser flow

BE for systems with highly symmetric flows: II. Gubser flow
Longitudinal boost invariance, azimuthally symmetric radial dependence (“physics
on the light cone” with azimuthally symmetric transverse flow)
(Gubser ’10, Gubser & Yarom ’11)
=⇒ uµ = (1, 0, 0, 0) in de Sitter coordinates (ρ, θ, φ, η) where

ρ(τ, r) = − sinh−1
(

1−q2τ2+q2r2

2qτ

)
and θ(τ, r) = tan−1

(
2qr

1+q2τ2−q2r2

)
.

=⇒ vz = z/t and vr =
2q2τ r

1+q2τ2+q2r2 where q is an arbitrary scale parameter.

Metric: dŝ2 = ds2/τ 2 = dρ2− cosh2ρ (dθ2 + sin2 θ dφ2)− dη2,
gµν = diag(1, − cosh2 ρ, − cosh2 ρ sin2 θ, −1)

Symmetry restricts possible dependence of distribution function f (x , p)

f (x , p) = f (ρ; p̂2
Ω, p̂η) where p̂2

Ω = p̂2
θ +

p̂2
φ

sin2 θ
and p̂η = w .

With T (τ, r) = T̂ (ρ(τ, r))/τ RTA BE simplifies to the ODE

∂

∂ρ
f (ρ; p̂2

Ω, p̂ς) = − T̂ (ρ)

c

[
f
(
ρ; p̂2

Ω, p̂ς
)
− feq

(
p̂ρ/T̂ (ρ)

)]
.

Solution:
f (ρ; p̂2

Ω,w) = D(ρ, ρ0)f0(p̂2
Ω,w) + 1

c

∫ ρ
ρ0

dρ′T̂ (ρ′)D(ρ, ρ′) feq(ρ′; p̂2
Ω,w)
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Gubser flow

Hydrodynamic equations for systems with Gubser flow:

The exact solution for f can be worked out for any “initial” condition
f0(p̂2

Ω,w) ≡ f (ρ0; p̂2
Ω,w). Here I use equilibrium initial conditions, f0 = feq.

By taking hydrodynamic moments, the exact f yields the exact evolution of all
components of Tµν . Here, Πµν has only one independent component, πηη.

This exact solution of the BE can be compared to solutions of the various

hydrodynamic equations in de Sitter coordinates, using identical initial conditions.

Ideal: T̂ideal(ρ) = T̂0

cosh2/3(ρ)

NS: 1

T̂

dT̂
dρ

+ 2
3

tanh ρ = 1
3
π̄ηη(ρ) tanh ρ (viscous T -evolution)

with π̄ηη ≡ π̂ηη/(T̂ ŝ) and π̂ηηNS = 4
3
η̂ tanh ρ where η̂

ŝ
≡ η̄ = 1

5
T̂ τ̂rel

IS:
dπ̄ηη
dρ

+ 4
3

(
π̄ηη
)2

tanh ρ+
π̄ηη
τ̂rel

= 4
15

tanh ρ

DNMR:
dπ̄ηη
dρ

+ 4
3

(
π̄ηη
)2

tanh ρ+
π̄ηη
τ̂rel

= 4
15

tanh ρ+ 10
21
π̄ηη tanh ρ

aHydro: see M. Nopoush et al., PRD 91 (2015) 045007

vaHydro: see M. Martinez et al., PRC95 (2017) 054907
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Gubser flow

Exact BE vs. hydrodynamic approximations: Gubser flow

Optimal evolution of the momentum deformation parameter ξ?

“Standard” viscous hydrodynamics (IS or DNMR):
expansion around local equilibrium =⇒ ξ ≡ 0

Anisotropic hydrodynamics:

expansion around a locally momentum-anisotropic state =⇒ ξ 6= 0

PL-matching (Tinti 2015; Molnar, Niemi, Rischke, 2016):
Additional Landau matching condition that matches ξ evolution to

that of the longitudinal pressure PL =⇒ no δf̃ corrections to PL.
In this case ξ can be eliminated, and the evolution equations can be

written entirely in terms of macroscopic variables, as in standard
viscous hydrodynamics

NSR approach (Nopoush, Strickland, Ryblewski 2015):
obtain ξ evolution equation from second moments of the BE
=⇒ PL evolution not fully captured by ξ evolution.
NLO-NSR approach (Martinez, McNelis, UH 2017):
Same ξ evolution but includes residual δf̃ contribution to PL

This captures the missing part of the pressure anisotropy.
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Gubser flow

Exact BE vs. hydrodynamic approximations: Gubser flow

Martinez, McNelis, UH, PRC95 (2017) 054907
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Gubser flow

Exact BE vs. hydrodynamic approximations: Gubser flow
Martinez, McNelis, UH, PRC95 (2017) 054907

  

Results
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Exact BE vs. hydrodynamic approximations: Gubser flow
Martinez, McNelis, UH, PRC95 (2017) 054907

  

Results

¯̂π ≡ π̂/(4P̂)
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Exact BE vs. hydrodynamic approximations: Gubser flow

Martinez, McNelis, UH, PRC95 (2017) 054907
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Relativistic Heavy Ion Collisions: Theory

1 Prologue

2 Kinetic theory vs. hydrodynamics

3 Exact solutions of the Boltzmann equation
Systems undergoing Bjorken flow
Systems undergoing Gubser flow

4 Phenomenological evidence: Hydro works!

5 Hydrodynamic behavior in small systems

6 Summary
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Towards a really predictive theory of relativistic heavy-ion
collision dynamics

After tuning initial conditions and viscosity at RHIC to obtain a good
description of all soft hadron data simultaneously (Song et al. 2010) we
successfully predicted the first LHC spectra and elliptic flow measurements:

ALICE, Quark Matter 2011 (VISH2+1 prediction: Shen et al., PRC84 (2011) 044903)
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Hybrid (hydro+cascade) approaches work even better:v2(pT) in PbPb@LHC: ALICE vs. VISHNU
Data: ALICE, preliminary (Snellings, Krzewicki, Quark Matter 2011)

Dashed lines: Shen et al., PRC84 (2011) 044903 (VISH2+1, MC-KLN, (η/s)QGP=0.2)

Solid lines: Song, Shen, UH 2011 (VISHNU, MC-KLN, (η/s)QGP=0.16)
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VISHNU yields correct magnitude and centrality dependence of v2(pT ) for pions, kaons and protons!

Same (η/s)QGP =0.16 (for MC-KLN) at RHIC and LHC!

U. Heinz Kruger2012, 12/07/2012 33(47)

VISHNU yields correct magnitude and centrality dependence of v2(pT ) for
pions, kaons and protons!

Ulrich Heinz (Ohio State) RHIC Theory 7/17/2017 24 / 36



Prologue Kinetic theory vs. hydrodynamics Exact BE solutions Hydro work! Small systems Summary

The state of the art (Bernhard, Moreland, Bass, QM2015)

Posterior distribu�on

Posterior samples

Diagonals
probability distribu�ons of each
parameter, integra�ng out all others

Off-diagonals
pairwise probabili�es showing
correla�ons between parameters

Temperature dependence of viscosity

Draw random samples from MCMC chain

Input parameters
ini�al condi�on normaliza�on
entropy deposi�on parameter
nucleon fluctua�on parameter
Gaussian nucleon width 
shear viscosity at Tc = 0.154 GeV
slope of shear viscosity above Tc

bulk viscosity normaliza�on
hydro to UrQMD switching temp. 

norm
p
k

w
η/s min

η/s slope
ζ/s norm

Tswitch

Gaussian process emulator
non-parametric interpola�on / fast surrogate to full model

C. E. Rasmussen and C. K. I. Williams, Gaussian Processes for Machine Learning (2006).

This work has been supported by NSF grant no. PHY-0941373 and by DOE grant no. DE-FG02-05ER41367.  CPU �me was provided by the Open Science Grid, supported by DOE and NSF.

Goal
Perform a systema�c model-to-data comparison
using an event-by-event heavy-ion collision model.

Simultaneously tune all model parameters
to op�mally reproduce experimental data.

Extract probability distribu�ons
for each parameter.

More informa�on about the methodology
J. E. Bernhard et. al., PRC 91 054910, 1502.0039.
S. Pra� et. al., PRL 114 202301, 1501.04042.
J. Novak et. al., PRC 89 034917, 1303.5769.
D. Higdon et. al., J. Amer. Stat. Assoc. 103 570.

Experimental data
ALICE collabora�on

Pb+Pb collisions at √s = 2.76 TeV
PRC 88 044910, 1303.0737.
PRL 107 032301, 1105.3865.

yields and mean pT: 
flows:

random walk through parameter space
weighted by posterior probability

MCMC
(Markov chain Monte Carlo)

posterior ∝ likelihood × prior
Bayes' theorem

ini�al knowledge
of parameters

probability of observing
experimental data given

proposal parameters

probability of parameters
given model and data

a�er many steps, chain equilibrates to

O(102) semi-random, space-filling parameter points.
Vary all parameters simultaneously.

posterior mode
(labeled for strong peaks)

entropy deposi�on parameter p ~ 0

Gaussian nucleon width ~ 0.43 fm
consistent with EKRT and IP-Glasma
(need to extend ini�al range lower)

hydro-to-UrQMD
switching temp.
slightly below
HotQCD EOS
Tc = 0.154 GeV

preference for
finite bulk viscosity

cannot determine complete
temperature dependence of η/s
from LHC data alone, but can
constrain a linear combina�on
of η/s min and slope

η/s at ~220 MeV appears
to be most important at LHC

ex
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nt
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e 
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l o
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Model
Ini�al condi�ons
TRENTo (parametric model)

p = tunable entropy deposi�on parameter
see J. Sco� Moreland's poster

Hydro
event-by-event VISH2+1
HotQCD EOS
T-dependent shear & bulk

Par�cliza�on
OSU Cooper-Frye sampler

Hadronic phase
UrQMD

J. S. Moreland, J. E. Bernhard, and S. A. Bass,
PRC 92 011901, 1412.4708.

H. Song and U. W. Heinz, PRC 77 064901, 0712.3715.
C. Shen et. al., CPC 2015, 1409.8164.
HotQCD collabora�on, PRD 90 094503, 1407.6387.
G. S. Denicol et. al., PRC 80 064901, 0903.3595.

C. Shen et. al., CPC 2015, 1409.8164.
Z. Qiu, 1308.2182.

S. A. Bass et. al., Prog. Part. Nucl. Phys. 41 225.
M. Bleicher et. al., JPG 25 1859.

�
m

e

Key results

Outlook
▪ Combine RHIC and LHC data
▪ Pre-equilibrium (free streaming)

and tunable thermaliza�on �me
▪ Sensi�vity analysis

Extracted new measurement
of (η/s)(T); need RHIC data to
determine full T-dependence

▪

Found clear preference for
nonzero bulk viscosity

▪

Determined scaling of ini�al
entropy deposi�on

▪

Bayesian characteriza�on of the
ini�al state and QGP medium

Jonah E. Bernhard
J. Sco� Moreland
Steffen A. Bass
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Flow in Pb+Pb, p+Pb and even p+p at the LHC!

R.D. Weller, P. Romatschke, arXiv:1701.07145

H Y D R O  I N  S M A L L  S Y S T E M S

8 B j ö r n  S c h e n k e ,  B N L

Successful description from p+p to p+A to A+A

R.D. Weller, P. Romatschke, arXiv:1701.07145

CMS Collaboration, Phys. Lett. B765, 193 (2017) 
ATLAS Collaboration, Phys. Rev. C90, 044906 (2014) 

ALICE Collaboration, Phys. Rev. Lett. 116, 132302 (2016) 
ATLAS Collaboration, 1609.06213 

CMS Collaboration, Phys. Lett. B724, 213 (2013)

P O S T E R  B Y  R .  W E L L E R

Requires fluctuating proton substructure (gluon clouds clustered around
valence quarks (K. Welsh et al. PRC94 (2016) 024919))
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Radial flow in pp collisions at the LHC

Werner, Guiot, Karpenko, Pierog (EPOS3), 1312.1233;

Data: CMS Collaboration (8, 84, 160, 235 charged tracks)
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Elliptic flow (double ridge) discovered in high-multiplicity pp by CMS at
7 TeV (and confirmed by ATLAS at 13 TeV) also reproduced by EPOS.
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Validity of viscous hydro: Knudsen number checkValidity of viscous hydro: Knudsen number check
Niemi	
  &	
  Denicol,	
  arXiv:1404.7327	
  

Pb+Pb	
   p+Pb	
  

Predicts	
  freeze-­‐out	
  at	
  higher	
  temperature	
  in	
  p+Pb	
  than	
  in	
  Pb+Pb	
  	
  

Kn	
  =	
  τmicro	
  θ	
  =	
  τmicro	
  /τmacro	
  	
  

Earlier freeze-out in p+A than A+A
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Validity of viscous hydro: Knudsen number checkValidity of viscous hydro: Knudsen number check
Niemi	
  &	
  Denicol,	
  arXiv:1404.7327	
  

Pb+Pb	
   p+Pb	
  

A	
  strong	
  increase	
  above	
  Tc	
  of	
  (η/s)(T)	
  basically	
  invalidates	
  hydro	
  for	
  p+Pb	
  at	
  the	
  LHC!	
  

Kn	
  =	
  τmicro	
  θ	
  =	
  τmicro	
  /τmacro	
  	
  

Strong linear rise of η/s above Tc testing the limits of applicability of
hydrodynamics in p+A collisions?
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Validity of viscous hydro: Exact solution at ∞ coupling

Chesler, arXiv:1506.02209, colliding shock waves in AdS5 for p+A
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Validity of viscous hydro: Exact solution at ∞ coupling
Chesler, arXiv:1506.02209, colliding shock waves in AdS5 for p+A
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✏ A R(1) R(2) vx vz

x

(a) (b) (c) (d) (e) (f)

First-order terms in Re−1 large, but second-order terms small almost everywhere!
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Importance of second-order terms in Kn and Re−1 in A+A:

∆µα∆νβuλdλπαβ = − 1

τπ
(πµν − 2ησµν)− δπππ

µνθ

τπ

+
ϕ7

τπ
π〈µα π

v〉α − τππ
τπ
π〈µα σ

v〉α +
λπΠ

τπ
Πσµν ,

uλdλΠ = − 1

τΠ
(Π + ζθ)− δΠΠ

τΠ
Πθ +

λΠπ

τΠ
πµνσµν ,

with transport coefficients from Boltzmann equation for massless
Boltzmann gas.
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Importance of second-order terms in Kn and Re−1 in A+A:
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Bulk viscosity matters

Non-linear second-order terms make almost no difference
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Summary

Viscous relativistic hydrodynamics provides a robust, reliable, efficient and
accurate description of QGP evolution in heavy-ion collisions.

It is valid even when the expansion is fast and highly anisotropic, causing large
local momentum anisotropies =⇒ local thermalization not strictly required.

While first-order viscous corrections are large in nuclear collisions, especially in
small systems, they can be handled efficiently in an optimized anisotropic
hydrodynamic approach that accounts for local momentum anisotropies at
leading order; residual dissipative flows remain small.

New exact solutions of the Boltzmann equation enable powerful tests of the
efficiency and accuracy of various hydrodynamic expansion schemes, providing
strong support for the validity and robustness of second-order viscous
hydrodynamics (especially their anisotropic variants).

Ulrich Heinz (Ohio State) RHIC Theory 7/17/2017 36 / 36


	Prologue
	Kinetic theory vs. hydrodynamics
	Exact solutions of the Boltzmann equation
	Systems undergoing Bjorken flow
	Systems undergoing Gubser flow

	Phenomenological evidence: Hydro works!
	Hydrodynamic behavior in small systems
	Summary

