
Lecture 2 - Neutrino oscillations

÷
Scill

.

in Vacuum ( 20 case )

2) 0 oscill
.  in matter - MSW effect ( 2V case )

3) Oscillations of 3 V system

-

Caveats :

-  idealized case  of 2 O states  → can generalize to 30 ( realistic )

- Standard
,

traditional formalism  → more advanced methods address

shortcomings

( wave packet formalism )



1) V oscill .  in vacuum
-

Periodic change of ( measured ) flavor , due to quantum propagation

Produced Ve : detected In :

time
.±•⇐x...

. ....⇒¥ ':
=P (ve →b ,

t )

flavor conversion probability



Toy model : 20 system
.

{ 1h >
,

1h > } mass eigustates < Viluj > = Sij C i ,j=^,2 )

{ m
, ,mz ) masses

{ IVE )
,

I Vn ) } flavor eighteen /
< Val 013=52,3 ( d ,B=e,µ )

Notation : 10 > generic state
, (Vg).=€yY, )Mixing matrix :

{ we >=cl✓^ > tslvz >
→ u=f'sE)

⇒
( no physical

lure ) = -

sly
> +

CIUZ
>

phases for 20 )

cease SI Sino



Hamiltonian in vacuum
,

in { luis } basis ( i= 1,2 )

En °

H  = ( • e ,
) ,

time - independent

Ei=pMm ( some p assumption )
:

Quantum  evolution : too 106 ) >=1Ve )

Calculate P(Ve→y ,
t ) :

- itjt - itzt
IVCT ) >= ce 1h > + se 11 >

P(Ve→vn,t)=|fs<✓^1+c<0<1)|oCt )>/2 =/. sceiikt.scj.eu/2=
÷ I

e. : ( steps )



PCK- %,
t ) =

sinks shi ( Ez±t ) ← depends  on

difference of
eigen Values

.

Approximate ,
relativistic limit :

Ei  = TEE =p  + my =p +¥3( ti" mi )

t =L ( propagation distance )

:
ve- be,

L ) =
sinks shi ( the ) oni=ni - mi

l . =
41¥ oscill

. length
DMZ



^ Pak - un ,
L )

.

sinhaAin
l

.
=  EE ='*2480 km ( ⇒) ( 1¥22)



Not
- P(Ve→%,L=o)=o as should

.

- Non trivial Solution refutes Oto ANI Dmito

- depends on Dmi=Mz - min
, Not on absolute  mass scale

for P ( Vµ→Ve ,
L ) = P(°e - In ,L )

2×2

Case

any
PC Ve - k ) =P ( Vn→b ,

L ) - 1 - PCve→y ,L )

CP - conservingP(Je→I,L)=P(ve→Vn,L ) -



Averaged oscillations :

consider L fixed , and P(Ve→✓n ,
E ) ( function of energy ) :

separation between  maxima :

t.lt -  
# -

Set ¥2
4E 4(E+SEj

dm2L

if SE < < E ( detector resolution ) → oscillations  can't be resolved !

⇒P(ve→b)=± sins f Yz c-avg.vacuumes.com
't exceed

to



Settee ¥50

pelted "

I

.ly#:read:
KEE

,
They:*



2) V oscill
.

 in matter ,
2×2 case

.

Colvert scattering ( refrain ) :

Pi¥d
V e

Gi GFZE{ Incoherent swam .mg#t)
( Itiosiabppeiinations

)
Focus  on refraction :

.

effective treatment :
V in external potential

H  = Huac + V

M SW : Mikleev
,

Smirnov ( 1985 ) , Welfeustein ( 1978 )
.



2.1 The refraction potential
.

Example : Ve . e- scattering , me =  number density ef e-
.

Ve
e

'

ue Ve

naw +to i
e- Ve e- e-

Charged Current Neutral Current

C
.

C
. Only : Hamiltonian ( after Fieit transformation ) :

Hite )=G€[Jdx)8( i -85 )Vew][eTx)8 , li -85 ) elx ) ]



Average  ever election ba org round ( unpolarized :

HT = Get [ Jews 'll -85 ) Ven ]/d3pe fcpe ,
T )

×ktE=±!et¥HeH8s(a -85)e4/eTPI ) >

T
Same !

f ( pe ,
T ) ← e

-

statistical distribution

e. XTCCX ) = Tz Gene Ida )8°VeL( x )

*
c

↳ potential energy : Veit = the = it Gf me



Similarly
,

for Je - e- scattering :

Big

vet =  - Vcc



Generalize to realistic matter : e-
, p , m

.p
= me

, Mm

Ve = Vic + Ven =
it Gfme - { TZGF mm

{ Vµ= In=
- { KGF mm

Ve = Vic + Ven =
it Gfme - { TZGF mm

{ j=
-

v÷i
"

+£r⇐m
Note :

contributions of NC on e- and NC on p cancel
.



2.2*4
.ly : V

, #-) = const
. ( 2= en )

H in flavor basis : time
- independent

Hµ=uHraµ+v
=E, :X !'

in )( 'sI )+( be%)
Solution only depends on difference of eigenvalues ⇒ can subtract  identity

terms
.

Take Hfe - Hye- I ( p + minted +✓t¥)

e.

Hµ=oam÷fk?I

same )+( one°

) k=ky= karme

✓÷



.

Hye =q<±÷f•⇒tn
sine

Simo → . a )n±#miE DMZ



Calculate PC Va →Vp,L ) :  use t - independent solution ( Hpe ist - imdep)

Diagonal .ze H : { Vim
,

Vzm } eigcnstates , { Enm
, Ezm } eigavalaes

Cm Sm 1 Ve ) = Cm )Vnm ) + Sm I Vzm >

um=(
sm

c.)
mixing math

.

" { ,vµ>= . smiosm > tcmlhm >

Cm = cosfm
.

Sm = Sink

Big
sin 29

Sin Zim  =  -
e. { [

sina.gov
.njyk Emkm=9÷d[ sina.com .njyk

WSU k

wS2fm =  

=] } x=2F2GfmeESino + ( use . up #



Calculate P(Ve→Vµ ,
t ) : Same steps as vacuum

-

itjmt
-

itzmtIVCT ) >=CmeIVnm> +smeIVzm>

P(Ve→vn,t)=|(sm<✓m1+c<hm1)|oCt
)>P

; ( steps )

⇒

P(ve→b
,L)=sin2Dmsin2( the )

lm= 2 't
= =e. E#m [ sins ,- ( use .njyk ( lo = hotly)



.

Hye =q=÷f•←'
n sine

Simo go.se )n±¥rLneI

sina.gs#n+EjyyEzm.Enm=0ydfsin20+(wsv.ujyk{
www.#Yjn..*h=e*iisFYwonHPCVe-b.L)=sin229msin2(

the )



Note :

- Vacuum solution recovered for to ( me = 0 ) ,
as should be

.

- Resonant character : factor 1- =

R(
n )

[ Sino + ( use .njyk

Rcn ) resonance
^ /

÷
. .Simon
 

÷
- >

O m  =  cow
ze



At resonance : EGF me  = ¥12020 (

MSW
resonance condition )

÷
E ,m-

time
RG ) has a minimum

- lm a Rcn ) has a maximum

-

siia a
RCXP

m
has a maximum →  max amplitude of

is
sin2Dm :a

Bt Exercise : calculate width at { max
.It

vacuum

si
:&

Heeded
>

O m=wsI
ze



^ Pahk '
l )

at resonance

1=inzu .€~ .

mm
.

inien
.

>

= Useful : nelson an ee energy ,
Us on  an  ee density ( f = Zmwne )

Er =  II = 14 Ser ( ¥j#8iy use

Mer =  
#e

zfz GF

t
- 2mµ men =

14 go.3.at#;nefff0eEY



1
- Resonance exists only if bmi >o.

For 8m2< o sin229m s
sim22O

-> anjlituok always suppressed

- for antineutrinos : Va -  - Vg < 0

Resonance for sni< 0
, suppression for sm2>o

.

Resonance affects only 0 ort J
,

not both
.



2.2 ) Varying density : f=g( E) ,
2×2 case

.

H  = Hlt ) → need full Schroedinger elution .

Idea : use basis of instantaneous eigenstatos :

=
mlt ' >

, Nzmltt > , imam

1 Ve )=

cmlt
) )

Vnmlt
) > +

SMLH
1

Vzmltl
> cm Sm{ 1Vµ>= -smltllosmltj>tcmltl11mW>

→Um=( . sm cm )Cmltfcosfmlt
)

.

smltt
=

sinimlt
) UCOMCH ) -

Umlt
)



Schroedinger equation
-

, flavor basis :

idaftte= H.pe Vfe Vfe = Umtt ) On

Rewrite  in instantaneous matter basis :

iotulUmHVmltD-HfeCUmLtIVmltHi@dd.m
) Um  ti Um datum = Hfe Um Vm

f x UI :

i datum  =fhnH.ee Um - iU+m(datum)]Vm

÷ends on D- = of,%



Result
, explicit form :

¥t:±E¥iiI÷IiNI
Note : off - diagonal terms a Gm →

causeVnm←>°=transitions
.



Adiabatic approximation : neglecti

Adiabaticity condition :

lEm|< < I Enm - Ezml

y
- 1=

 

# B. Sinai dm%E

IEM .

Ezm1=TEEplVed< < a

Meaning : potential varies Slowey

→ Vnm ←>Vzm transitions suppressed

- < V^m|V )
,

< Vzm ) ✓ ) vary only by a phase



Apply adiabatic approximation :

.

ti :  initial time

tf : final time

1 Vlti ) > = I Ve > = wsfmi 1hm > + sink ; Ihm >

- if.i¥Esm( t
' ) alt

'

|V(

tf
) ) = wsfmi e Ihm >

+ Simon ;£if¥E2m(tJ*Vzm >

at t=tf : IVM > = -

sinfmflihmtwsimf102ns
>

PCre→vn,t)=|<
vulvilt )>/2



Full result :

.

e. P(ve→Vµ ,
t ) = 12 - lz as 29mi as

29nF
- Kim 29mi siifmf cosy

y=µt(Enmtt 's - Eontt 's )dt
'

IfSinan; to or sin20mF 
= o oz < cosy > to

( averaged oscill
. ) :

P(Ve→Vµ ,
t ) = 12 - lz cos 29mi cos 29¥



Common Situation : me ( ti ) > > Mer er -> 6529 mi  = - 1

mectf ) < < men -> cos 29mF = 652

↳ P(Ve→Un ,t ) = ^z(^+us2s)

= cos 20 zyz stufferConversion !

÷
a ,

Qualitative picture :

.

at t.li
, He > ~ lvzm >

{
aoianuicenutiajj;xy.IE" " " " " "

at tf : P(Ve→Vµ )



Useful : level - crossing diagram
F

Production :

NE
14> - Ihm >

1

detection :

ifydiasbadjsgjzgftzm~
Ihm > - 102 > -#

-=\ Enm

Resonance : om÷ews29=Vcc
Him >=1v , >

in
e

( election density )



A paradox ?

÷
e→Un ,t ) = ^z(

itcoszg
# z Mixing - less

conversion ? ??

No
, for 9 → o adiabatic condition is violated !



Generalizationtomonnadiahaticpupagatio ( for 8 < < Ie )

y
- 1

=  

# sin 29 •m%E

I Em - Ezml
= letup 1%1

At resonance : I Ein - Ezm/ is mim
. → y

- 1

is max .

- max probability of Van ~ km

& at resonance :

Btu-  ff 1¥ / # ?
,

¥00 max . violation

of adiabatic  city



generalized probability ( oscill
. averaged ) :

÷
 ' b ,

t ) = 12 - lz as 29mi us

29mF
( ^

-
2 Plz )

Rz =
e#° '

Landau - Zener hopping probability ( O< < Mg )



Useful exercise :

P(✓e→Ve
) as function of E ( oscill . averaged )

÷
Ro

Example :
Sun

:
gcr ) = foe g. - 102 gui3

Take Ok Dg ( Small mixing )

e. P(Ve→Ve )

:
So < < fees

^
- { sinew -

abdj

:ha¥It
- - - - - -"iV±÷ fio

! "is=fo
E



Beyond basics : 30 in vacuum

÷
his } , { ms ,mz ,m } } { °e

, b ,Vz }

Mixing

matrixiiiia... " .
:O iii.'s " " .ir

"

IIII )
5,252 } - Gzczzs , }

ei& -92523 - 524 }5ze% Cz } C ,

Qz , 02 } , Q }
Gj=6sQj Sij=SimQj

( Nyt. Majorana phases do not affect oscillations ]



A  note on notation

÷
-

< LIV > component of flavor L=e~ ,
a

V
,

= Uaj Vj ( summed over j = 1,2 , 3) :#¥e¥i¥i¥
Ve

Instead :

÷- UH lvjs



Calculate probabilities : Vacuum case

÷a→Vp,t
) = I A (

0a→op)I2ACK- up)=@<viiUpi
)(I

edtttUg*j10 ; > )
ij

e. i ( steps )

*  * - if Ej - Eijt

P(0L→Vp
,t ) = Fj

UdjUpjUpiUdi
e



Effective 20 descriptions : we dm } ,
< < / dnizi / = / Dm }z|

÷
Y¥L < < I

- take Um } , =o

e. P(Ve→Ve
,

L ) = ^
-

sink
93 sin (

0jm¥: beams )

2) /dT¥L/ -famed L / > > 1 → 3→i
,

3→2 osall
.  average air

B. PCK - ' Ue
,

L ) = s ,} + C
, } Pzu ( on } , , 9,2 ) ( uaotoi 0 )



Exact solution of 3×3 case :

*amp,t ) = Fj Ud*jUp ; Up*iUdi eicei ' tilt

e. : ( steps ,
use unitarily )

P(0a→op,
)= Sap - 4,5 ,

REIUDYUPJUYSI Ua ;]

sim2(o¥÷+2,55406 UPjU§i Ua ;] sin (0¥ ; L )



CP symmetry on oscillation probabilities

*
=Udj0jL :

P(Vg[→
VPL ,t ) ✓

fc
-  *

- .  -

C : 0aL=Udj0jL PQGL→ Vpl ,t )Xmotobserved !

( change conjugation )
fp

Cp :
- * -

-  -

0arIUdj0jrP@gr-sVpr.t

) ✓

( charge and

parity
P symmetry : PCL- up)=P( Jd - Jp )



Look for CP violation :-

calculate PC is → up) . PCI →

Jp
) ±D Pap

PCK→ up ,
< ) = Sap - 4,5 ,

Re [ UH Upj U§i Ua ;] sini (

0¥14+2,5.

In HY Ups
. U*pi Ua ;] sin (0¥ ; L )

B. PCJL→Fp,
L ) = Sap - 4,5 ,

Re [ UH Upj U§i Ua ;] sini (

0¥14
- 2 FE Imf UH Upj U*pi Ua ;] sin (0¥ ; L )

s Pap = 4 5,5406 UP; UE i Ua ;] sin ( 0¥;j



CP violation  in the lepton sector ?

Bi oPeµ=bPnz = spec = 4512924395 szscz } Sino Ego Sim ( 0¥ijL )

CP is

violatedBp to → Sino to

Note :
Bnp =o if any 9ij=0 - # is a 30 effect !



3J propagation in  matter :

-

( outline only )

. VI  
= - V

,
- P4→% ) -tPCuj→Tp) -

mimicsetfectycfConsequence ef CP - asymmetric background ( me =/ me )

. generalized MSW : factorization in multiple 20 problems



For further study : V in 0 background

÷scattering :  non . linear effects

relevant for supernovae , Cosmology

[ e.g.
Dwan & Kneller

,

arxiv : 0904.0974 ]


