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Geometry of Nuclear Collisions – AuAu at RHIC
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The magnitude and direction of b can be determined on an event by event basis



Observation:
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There is a large momentum anisotropy:

v2 ≡
〈
p2
x − p2

y

〉
〈
p2
x + p2

y

〉 ≈ 6%

Interpretation

• The medium responds as a fluid to differences in X and Y pressure gradients



Data on Elliptic Flow:
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X:Y = (1 + 2v2︸︷︷︸
∼0.4

: 1− 2v2︸︷︷︸
∼0.4

)

Elliptic flow is large X:Y∼ 2.0 : 1



What do we need for hydro?
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Eccentricity

y2

x2

ε ≡
〈
y2 − x2

〉
〈y2 + x2〉

1. v2
ε is the response of the medium to the spatial anisotropy

2. Expect a strong response for: `mfp/L� 1



Comparing different system sizes – Centrality Dependence

Large System Small System

• If the response is the same in the two systems

v2
ε
' Const

Expect larger system to show a stronger hydrodynamic response



See the hydrodynamic response turn on.
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Trends

1. Strong response in central.

2. Approaching ideal hydro.

3. Flow out to higher momentum.

Most trends can be understood with a finite mean free path /viscosity



Hydrodynamic Simulations



Equation of State from Lattice Bazavov et al.
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• Low temperature Hadron Resonance Gas

• High temperature Quark Gluon Plasma

eSB ∝
∫ d3p

(2π)3
Ep

eEp/T − 1
The transition is very smooth



Bjorken Coordinates

s
η ∆ z = t ∆

• Instead of t, z we use proper time and space time rapidity

τ =
√
t2 − z2 and ηs =

1
2

log
(

1 + z/t

1− z/t
)

• Near the center (mid-rapditiy)

τ ' t ∆z = τ ∆ηs



The Bjorken expansion

z

) t
E

zp
 (≈ t z v≈z 

Beam θ

• Each part of the detector is associate with a region of space-time

1

2
log

1 + z/t

1− z/t︸ ︷︷ ︸
ηs

≈ 1

2
log

1 + pz/E

1− pz/E︸ ︷︷ ︸
particle rapidity

≈ 1

2
log

1 + cos(θ)

1− cos(θ)︸ ︷︷ ︸
ηpseudo

All rapidities are (almost) the same in high energy collision



Bjorken Estimate
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Estimate the energy density in a slice (a lower bound)
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= 5.5
GeV
fm3 at time τo = 1 fm

Can convert to temperature

To ' 300 MeV at time τo = 1 fm



Ideal Hydrodynamics

• The medium has an energy density e, pressure p(e) and four velocity uµ

Tµν = euµuν + p (gµν + uµuν) and ∂µT
µν = 0

• Can convince yourself that in the rest frame uµ = (1, 0, 0, 0)

Tµν =


e

p

p

p


• Near the local rest frame T 00 = e and T 0i = (e+ p)vi:

∂te = −(e+ p) ∂ivi ⇐= The Work Equation



The Work Equation:

i vi∂ × = dt 
V

dV
∂te = −(e+ p) ∂ivi

de = −(e+ p)
dV

V

• The EOM reads

d(eV ) = −pdV
• Compare: d(eV ) = Td(sV )− pdV and find

d(sV ) = 0

pdV Work means Entropy is Conserved



1D Bjorken Expansion: (Bjorken)
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BJ Ansatz

vz =
z

t

∂zv
z =

1
t

• The Equation of motion

∂te = −(e+ p)∂zvz

de

dτ
= −(e+ p)

1
τ

d(τe)
dτ

= −p

Energy per rapidity decreases due to p dV work



A full ideal hydro simulation (Kolb and Heinz)

• Run hydro assuming Bjorken boost invariance in z direction
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Hydrodynamic description of ultrarelativistic heavy-ion collisions 25

3.2. Anisotropic flow in non-central collisions

In Section 2.4 we have already addressed some of the great opportunities
offered by non-central collisions. The most important ones are related to the
broken azimuthal symmetry, introduced through the spatial deformation of
the nuclear overlap zone at non-zero impact parameter (see Figure 3). If the
system evolves hydrodynamically, driven by its internal pressure gradients,
it will expand more strongly in its short direction (i.e. into the direction
of the impact parameter) than perpendicular to the reaction plane where
the pressure gradient is smaller.70 This is shown in Figure 8 where con-
tours of constant energy density are plotted at times 2, 4, 6 and 8 fm/c
after thermalization. The figure illustrates qualitatively that, as the system
evolves, it becomes less and less deformed. In addition, some interesting
fine structure develops at later times: After about 6 fm/c the energy den-
sity distribution along the x-axis becomes non-monotonous, forming two
fragments of a shell that enclose a little ’nut’ in the center.71 Unfortun-
mately, when plotting a cross section of the profiles shown in Figure 8 one
realizes that this effect is rather subtle, and it was also found to be fragile,
showing a strong sensitivity to details of the initial density profile.4

Fig. 8. Contours of constant energy density in the transverse plane at different times
(2, 4, 6 and 8 fm/c after equilibration) for a Au+Au collision at

√
sNN = 130 GeV

and impact parameter b = 7 fm.4,72 Contours indicate 5, 15, . . . , 95 % of the maximum
energy density. Additionally, the black solid, dashed and dashed-dotted lines indicate the
transition to the mixed-phase, to the resonance gas phase and to the decoupled stage,
where applicable.

A more quantitative characterization of the contour plots in Figure 8
and their evolution with time is provided by defining the spatial eccentricity

εx(τ) =

〈
y2 − x2

〉
〈y2 + x2〉 , (21)

where the brackets indicate an average over the transverse plane with

• When reach a “freezeout” temperature in the hadron phase compute spectra:

dNπ
d3p

= dV
gπ

eEπ/T − 1
covariantly E

dNπ
d3p

=
∫

Σ

PµdΣµ
1

e−P ·U/T − 1

• Compare to data!



Ideal hydro simulations by P. Huovinnen
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1D Expansion: Hydro vs. Free Streaming vs. Viscous hydro

• Ideal hydrodynamics with ideal gas EOS: p = e/3

de

dτ
= −(e+ p)

τ
find e = eo

(
τo
τ

)4/3

• Compare to non-equilibrium free streaming: p ' 0
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Intro to viscosity (hand written notes)



Viscosity Estimates in QCD
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Hydrodynamics with Viscosity (Gyulassy and Danielewicz)

T ij = pδij − η
(
∂ivj + ∂jvi − 4

3
δij∂ · v

)
+ bulk viscosity

• The Bjorken expansion becomes

de

dτ
= −e+ p

τ
becomes

de

dτ
= −e+ Tzz

τ

• The pressure get reduced by the expansion

Tzz = p− 4
3
η

1
τ︸︷︷︸

∂zvz

• The equation of motion is

de

dt︸︷︷︸
de

= − (e+ p)
1
τ︸ ︷︷ ︸

−ideal

+
4
3
η

τ2︸ ︷︷ ︸
+viscous



How valid is Hydrodynamics?

de

dt
= −(e+ p)

1
τ

+
4
3
η

τ2

• Comparing the size of the viscous term to the ideal term need .

η

e+ p

1
τ
� 1

• Function of time, temperature, etc, (e+ p) = sT

η

s︸︷︷︸
fluid parameter

× 1
τT︸︷︷︸

experimental parameter∼ 1/2

� 1

• Estimate

0.2
(
η/s

0.3

)(
1 fm
τo

)(
300 MeV

To

)
� 1

Need η/s smallish to have hydro at RHIC



A complete viscous hydro simulation

1. Run the evolution the viscous terms

2. Freezeout when viscous terms become large

3. Compute spectra:

– Viscous corrections modify the distribution function

fo =
1

eEp/T − 1
fo → fo + δf

– Maximum momentum also signaled by the equations.

4. Compare with data!



Viscous corrections to the distribution function fo → fo + δf

• Must be proportional to strains

• Must be a scalar

• General form in rest frame and ansatz

δf = χ(p)pipjσij =⇒ δf ∝ f0 p
ipjσij

• Can fix the constant

T ij = Pδij − ηδij =
∫

d3p

(2π)3
pipj

Ep
(f0 + δf)

find

δf = − η

2(e+ p)T 2
fo p

ipjσij

Viscous corrections grow quadratically with momentum



A complete viscous simulation by Romatschke, Romatschke, Luzum
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2. Different simulations represent different initial eccentricity

3. Viscous correction grows with pT



Romatschke, Romatschke, Luzum – Centrality Dependence
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Computing δf with kinetic theory

fo → fo + δf

• Work with a relaxation time approximation vp = p
Ep

∂tf + vp∂xf = − f − fo
τR(Ep)

• Substitute fo + δf and work in a linear approx (see supplement)

∂tfo + vp∂xfo = −δf
τR

−fo τR(Ep)
2TEp

pipjσij = δf

• Two Limiting cases

1. τR ∝ Ep – reproduces the quadratic ansatz

2. τR = Const – relaxation time independent of momentum linear ansatz



Sensitivity to δf K.Dusling, Guy Moore, DT

We can consider two different models for the relaxation time. First, we can assume that

the relaxation time grows with the parton’s energy,

τR ∝ Ep. (11)

This behaviour is found in models where the energy loss is constant (i.e. dp/dt ∝ const.) for

example when the energy loss is dominated by soft scattering with momentum transfer on

the order of ∼ gT . This form of the relaxation time yields a δf which grows quadratically

with momentum. This is same quadratic ansatz used in every viscous hydrodynamic model

to date.

A second model is taking the relaxation time to be independent of the parton’s energy,

τR ∝ const, (12)

corresponding to dp/dt ∝ p. In this case the viscous correction grows linearly with momen-

tum. The left plot of fig. III shows v2(pT ) using both the linear and quadratic ansatze. The

two different choices lead to qualitatively different results.
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We will show in the following sections that the energy dependence of τR lies somewhere

5

Integrated quantities are insensitive to the precise form of δf



Independent of second derivative terms (K. Dusling, DT)

T ij = η

(
∂ivj + ∂jvi − 2

3
δij∂ · v

)
+ more derivs

= O(ε) + O(ε2)
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Gradient expansion is working. Temperature is a good concept.

Worse at larger viscosities and larger pT



Hydro Conclusions:

• Many aspects of the heavy ion data support a hydrodynamic

interpretation

• Viscous hydro works better than ideal hydro

• Difficult to explain the RHIC data with η/s > 0.3

• A very interesting regime of quantum transport


