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Motivation

Simulations on lattice
In cubic boxes with periodic boundary conditions:
S-wave scattering of two particles with short range central
interactions → eigen-energies, . . .

Scattering theory1
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− Λ

4π
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with δ the s-wave phase shift, the incoming energy E = k2/m,
p = {px, py, pz} = {2πlx/L, 2πly/L, 2πlz/L}, Λ is the
momentum cutoff (~ = 1).

However, in spherical boxes with hard wall BCs ∆kR = −δ.

1S.R. Beane, P.F.Bedaque, A. Parreno and M.J. Savage, Phys. Lett. B
585, 106 (2004).



Motivation

Contact pseudo potential:

Veff(r) =
4πas

m
δ(r), (2)

with as s-wave scattering length defined as

as = lim
k→0+

−tan δ(k)

k
. (3)

How is it derived in cubic boxes?



Scattering in spherical boxes2

∆kνR = (k′ν − kν)R = −δ.

[−▽
2

m
+ V (r)]ψ(r) = Eψ(r)

Free s-wave:

ψν(r) =
1√
2πR

sin(kνr)

r

kνR =νπ, Eν = k2
ν/m

With potential,

ψ′
ν(r) =

1√
2πR

sin(k′νr + δ)

r
, for r > r0

k′νR+ δ = νπ

2A.J. Leggett, Quantum Liquids: Bose Condensation and Cooper

Pairing in Condensed-Matter Systems, Oxford.



We can continue to calculate the energy change to each
eigenstate

∆Eν =
k′ν

2 − k2
ν

m

=− δ(2νπ − δ)
mR2

← lim
k→0+

δ(k) = −kas

=
2νπkνas

mR2

=
4πas

m
|φν(0)|2

=

∫

drφ∗ν(r)Veff (r)φν(r)

with

Veff(r) =
4πas

m
δ(r) (4)



Scattering in cubic boxes3

[−▽
2

m
+ V (r)]ψ(r) = Eψ(r)

Free states are simply

φp(r) =
1√
L3
eip·r

p = {2πlx/L,2πly/L, 2πlz/L}

Subspaces of states with same
energy,
Γk = {p|p2 = k2},
Dk the number elements in Γk

Free to rotate the basises:

φs
k(r) =

1
√

DkL3

∑

p∈Γk

eip·r

and the rest Dk − 1 basis

φs̄
k(r) =

∑

p∈Γk

cpφp(r),

∑

p∈Γk

cp = 0

3M. Lüscher, Nucl. Phys. B 354, 531 (1991).



S-wave scattering in cubic boxes:

V (r)φ(r)→ V (r)

∫

dΩr

4π
φ(r)

By iteration, we know φs̄
k not scattered, only φs

k affected.

For r > r0,

G(r; k) =
1

L3

∑

p

eip·r

p2 − k2

satisfies both PBCs and Schrödinger equation with E = k2/m.

So apart from normalization,

φs
k(r)→ φ′sk (r) = G(r; k)
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eip·r
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On lattice with cutoff Λ,
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|p|<Λ
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4π

What’s its relation with ∆kR = −δ(k)?
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∆kL/2π =(k − k0)L/2π = αk0
(−δ)

αk0
=Dk0

/(k0L)2



For nonresonance, limk→0+ δ(k) = −kas

∆kL/2π =Dk0
/(k0L)2(−δ)

always good.
Calculate the energy change

∆E =(k2 − k2
0)/m

=
4πasDk0

mL3

=
4πas

m
|φs

k0
(0)|2

where φs
k(r) = 1√

DkL3

∑

p∈Γk
eip·r

Consistent with

Veff(r) =
4πas

m
δ(r)


