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The World of Quarks and Gluons:

• Quarks and Gluons: Fundamental constituents              
of hadrons and nuclei

• Remarkable and novel properties                                    
of Quantum Chromodynamics (QCD)

• New Insights from higher space-time dimensions: 
Holography
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QCD Lagrangian
Generalization of QED

Yang Mills Gauge Principle: 
Color Rotation and Phase 

Invariance at Every Point of 
Space and Time 

Scale-Invariant Coupling
Renormalizable 

Nearly-Conformal
Asymptotic Freedom
Color Confinement
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Truth is stranger than fiction, but it is because 
Fiction is obliged to stick to possibilities. 

—Mark Twain

• Although we know the QCD Lagrangian, we 
have only begun to understand its remarkable 
properties and features.

• Novel QCD Phenomena: hidden color, color 
transparency, intrinsic charm, anomalous 
heavy quark phenomena,  anomalous spin-spin 
effects, odderon, anomalous Regge behavior ...

• Remarkable Predictions of AdS/CFT
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Gell Mann: “Three Quarks
 for Mr. Mark”
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Quarks in the Proton

p  =  (u u d)

1fm = 10−15m = 10−13cm

cm

θcm = 90o

Z1/3

Sz = +1
2

u

∆++

1fm = 10−15m = 10−13cm

cm

θcm = 90o

Z1/3

Sz = +1
2

u

∆++

Zweig:  “Aces, Duces, 
Treys” 

Feynman:  “Parton” model

Ne’eman:  SU(3)F 

Bjorken Scaling:  
Pointlike Quarks
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           The Quark Structure of the Nucleus
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1967 SLAC Experiment:
Scatter Electrons on protons 

in a Hydrogen Target
Discovery of the Quark Structure of Matter

Friedman, Kendall, Taylor: Nobel Prize

ω = 2Mpν
Q2

xBjorken = Q2

2Mpν

Measure rate as a function of energy loss ν

and momentum transfer Q

Scaling at fixed xBjorken = Q2

2Mpν
= 1

ω

ep → e′X

Discovery of quarks!
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SLAC  Two-Mile Linear Accelerator 
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First Evidence for Quark Structure of Matter

Deep Inelastic Electron-Proton Scattering
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ω = 2Mpν
Q2

xBjorken = Q2

2Mpν

Measure rate as a function of energy loss ν

and momentum transfer Q

Scaling at fixed xBjorken = Q2

2Mpν
= 1

ω

ep → e′X

ep → e′X

e+ e− γ

e+e−e+e− e+e−γ e+e−

ge ≡ 2

1
2ge = 1.001 159 652 201(30)

1
2ge = 1.001 159 652 193(10)

ge accurate to 11 figures!

ψ(σ, b⊥)

E′ = E − ν, $q

Q2 = $q2 − ν2

σ = y−P+

2

|b⊥|(GeV−1)

pp → pp

e+e− → pp̄

Q2

p

10

Discovery of Bjorken Scaling
Electron scatters on point-like quarks!

ω = 2Mpν
Q2

xBjorken = Q2

2Mpν

Measure rate as a function of energy loss ν

and momentum transfer Q

Scaling at fixed xBjorken = Q2

2Mpν
= 1

ω

ep → e′X

ω = 2Mpν
Q2

xBjorken = Q2
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Measure rate as a function of energy loss ν

and momentum transfer Q

Scaling at fixed xBjorken = Q2
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= 1

ω

ep → e′X

ω = 2Mpν
Q2

xBjorken = Q2

2Mpν

Measure rate as a function of energy loss ν

and momentum transfer Q

Scaling at fixed xBjorken = Q2

2Mpν
= 1

ω

ep → e′X

No intrinsic length scale !
Q2

ψ(σ, b⊥)

E′ = E − ν, $q

Q2

σ = y−P+

2

|b⊥|(GeV−1)

pp → pp

e+e− → pp̄

p

SLAC 
1967
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u d s c b

π0, η, η′ π− K− D0 B̄−

ū
ρ0,ω ρ− K∗− D∗0 B̄∗−

π+ π0, η, η′ K̄0 D+ B̄0

d̄
ρ+ ρ0,ω K̄∗0 D∗+ B̄∗0

K+ K0 η, η′ Ds B̄s

s̄
K∗+ K̄∗0 φ D∗

s B̄∗
s

D̄0 D− D̄s ηc B̄c

c̄
D̄∗0 D∗− D̄∗

s J/ψ B̄∗
c

B+ B0 Bs Bc ηb

b̄
B∗+ B∗0 B∗

s B∗
c Υ

Table 3: Pseudoscalar (JP = 0−) (upper lines) and vector (JP = 0−) (lower lines) mesons with different flavour content.

Neglecting this difference we use a new notation for the common u, d quark mass:

mu ! md ! m̃ . (45)

In this approximation,

LQCD ! L(u=d)
QCD = Ψ(Dµγµ − m̃)Ψ + Lglue + .. , (46)

where a new, two-component spinor field (doublet) is introduced:

Ψ =

(
ψu

ψd

)
, Ψ̄ = (ψ̄u, ψ̄d) .

The theory described by the r.h.s. of (46) is not exactly QCD, but is very close to it. The new Lagrangian

L(u=d)
QCD contains two degenerate quark flavours and has a symmetry with respect to the general phase

rotations in the “two-flavour space”:

Ψ → Ψ′ = exp

(
−i

3∑
a=1

ωa σa

2

)
Ψ, Ψ → Ψ

′
= Ψ exp

(
i

3∑
a=1

ωa σa

2

)
, (47)

where ωa are arbitrary (x-independent) parameters and σ1,σ2,σ3 are the 2 × 2 Pauli matrices. The
symmetry transformations (47) form a group SU(2) 5.

5The number of independent parameters for SU(2) is determined in the same way as we did for SU(3) in Lecture 1: one

counts the number of independent elements in the unitary 2× 2 matrix with the unit determinant.

u d s c b

π0, η, η′ π− K− D0 B̄−

ū
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Neglecting this difference we use a new notation for the common u, d quark mass:

mu ! md ! m̃ . (45)

In this approximation,

LQCD ! L(u=d)
QCD = Ψ(Dµγµ − m̃)Ψ + Lglue + .. , (46)

where a new, two-component spinor field (doublet) is introduced:

Ψ =

(
ψu

ψd

)
, Ψ̄ = (ψ̄u, ψ̄d) .

The theory described by the r.h.s. of (46) is not exactly QCD, but is very close to it. The new Lagrangian

L(u=d)
QCD contains two degenerate quark flavours and has a symmetry with respect to the general phase

rotations in the “two-flavour space”:

Ψ → Ψ′ = exp

(
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a=1

ωa σa

2

)
Ψ, Ψ → Ψ

′
= Ψ exp

(
i

3∑
a=1

ωa σa

2

)
, (47)

where ωa are arbitrary (x-independent) parameters and σ1,σ2,σ3 are the 2 × 2 Pauli matrices. The
symmetry transformations (47) form a group SU(2) 5.

5The number of independent parameters for SU(2) is determined in the same way as we did for SU(3) in Lecture 1: one

counts the number of independent elements in the unitary 2× 2 matrix with the unit determinant.

Constructing mesons

M = (qq̄)

π+ = (ud̄)

p = (uud)

n = (ddu)

eu = +2
3

ed = −1
3

2eu + ed = ep

M = (qq̄)

π+ = (ud̄)

p = (uud)

n = (ddu)

eu = +2
3

ed = −1
3

2eu + ed = ep
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SU(3)flavor

Gell Mann and Zweig

Prediction and Measurement of Ω− = (sss)

M = (qq̄)

π+ = (ud̄)

p = (uud)

n = (ddu)

13

Fig. 1: Hadron spectrum.

Fig. 2: Deep inelastic scattering.

Scaling means that the differential cross section, when expressed in terms of these dimensionless param-

eters, in the limit of high energy with x and y fixed, scales like the energy in the process, according to its

canonical dimension

(8)

This property is quite remarkable, since the right hand side does not depend upon , like most moderate

energy cross sections, and it looks more like the behaviour one may find in a renormalizable field theory

with a dimensionless coupling, like electrodynamics. Even more spectacular scaling phenomena are

observed in annihilation, where the total hadron production cross section becomes proportional to

the muon pair cross section at high energies.

96

The Hadron Spectrum SU(3)flavor

Gell Mann and Zweig

Prediction and Measurement of Ω− = (sss)

M = (qq̄)

π+ = (ud̄)

p = (uud)

n = (ddu)

Ne’eman, 
Gell Mann, 

Zweig
Y. Eisenberg

Samios
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Pauli Exclusion Principle!

spin-half quarks cannot be in same quantum state !

u

u

u

u

∆++

Jz = +3
2

dσ
dt (pp→ pp) = F (θCM)

s10

Data: n = 9.7± 0.5

n = 4× 3− 2 = 10

dσ
dt (K

+p→ K+p) = F (θCM)
s8

u

∆++

Jz = +3
2

dσ
dt (pp→ pp) = F (θCM)

s10

Data: n = 9.7± 0.5

n = 4× 3− 2 = 10

dσ
dt (K

+p→ K+p) = F (θCM)
s8

Three Colors (Parastatistics) Solves Paradox 

Sz = +1
2

u

∆++

Jz = +3
2

dσ
dt (pp→ pp) = F (θCM)

s10

Data: n = 9.7± 0.5

n = 4× 3− 2 = 10

Sz = +1
2

u

∆++

Jz = +3
2

dσ
dt (pp→ pp) = F (θCM)

s10

Data: n = 9.7± 0.5

n = 4× 3− 2 = 10

Sz = +1
2

u

∆++

Jz = +3
2

dσ
dt (pp→ pp) = F (θCM)

s10

Data: n = 9.7± 0.5

n = 4× 3− 2 = 10

Why are there three colors of quarks?

3 Colors Combine : White 
Greenberg: 

Parastatistics
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QCD Lagrangian
Generalization of QED

Yang Mills Gauge Principle: 
Color Rotation and Phase 

Invariance at Every Point of 
Space and Time 

Scale-Invariant Coupling
Renormalizable 

Nearly-Conformal
Asymptotic Freedom
Color Confinement
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Next: Chiral Symmetry and the Up: QUANTUM FIELDS OF NUCLEAR Previous: Quantum
Electrodynamics (QED) 

Quantum Chromodynamics (QCD)

It is remarkable that quantum chromodynamics Gra95that describes all phenomena related to strongly
interacting particles, can be constructed in full analogy to the QED. The ``only'' difference is a more
complicated gauge group, SU(3) instead of U(1). The complete QCD Lagrangian density reads 

(21)

and it is composed almost of the same elements as the QED Lagrangian density in Eq. (16). The new object

is the set of eight SU(3) 3 3 matrices , numbered by the gluon-color index =1,...,8. They fulfill the

SU(3) commutation relations 

(22)

where  are the SU(3) algebra structure constants Gil74. Again, every pair of gluon-color indices

implies summation, e.g., over  in Eqs. (21) and (22).

Dirac four-spinors  correspond to quark fields. Compared to the electron four-spinors  discussed in

Sec. 2.2, they are richer in two aspects. First, each of them appears in three variants, red, blue, and green.

These colors are numbered by the quark-color index corresponding to the dimensions 3 3 of the 

matrices. Traditionally they are not explicitly shown in the Lagrangian density (22), so we should, in fact,

think about  as 12-component spinors. One should not be confused by the fact that there are three colors

of quarks, and eight colors of gluons - in fact, here the "visual" representation simply breaks down, and the
colors of gluons have nothing to do with red, blue, and green of quarks. In reality, quarks and gluons are
numbered by the indices of the corresponding SU(3) representations: three-dimensional spinor
representation for quarks, and eight-dimensional vector representation for gluons.

Second, there is not one, but six different quark fields, for =1,...,6. These are called quark flavors, and are
usually denoted by names: up, down, charm, strange, top, and bottom, see Fig. 1. For nuclear structure
physics, essential rôle is played only by the up and down quarks that are constituents of neutrons and
protons. So in most applications of the QCD to nuclear structure, we can limit the QCD Lagrangian density

to two flavors only, =1, 2.
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Here comes the really big difference between the QED and QCD, namely, the gluon field tensors contain
the third term in Eq. (23). As a result, gluons interact with one another - we can say that they are color-
charged, while the photon has no charge. It is easy to see that the third term in Eq. (23) implies the charged
gluons. Indeed, the Euler-Lagrange equations corresponding to the free gluon fields do produce the source
terms when the Lagrangian density is varied with respect to the gluon fields. (In QED, the free-photon-field
Lagrangian depends only on derivatives of the photon fields, and not on the photon fields themselves.)

The last term in (21) describes the six free quarks of masses  at rest. This does not mean that isolated

quarks can exist in Nature, be accelerated, and have their masses measured by their inertia with respect to
acceleration. Each free quark obeys the same Dirac equation as the electron in QED. The Dirac equation is

given by the last term and the -term in Eq. (21). Quarks couple to gluons through the color currents, 

(24)

We are going to discuss this aspect a few paragraphs below; here we only note that all quarks couple to

gluons with the same value of the color charge . We cannot give any numerical value to this parameter,

because it depends on energy through the mechanism called renormalization, that we shall not discuss in the
present course.

Consequences of the gluon charges are dramatic. Namely, the force carriers now exert the same force as the
force they transmit. Moreover, sources of the electromagnetic field depend on currents (20) that involve a
small parameter - the electron charge, while gluons constitute sources of the color field without any small
parameter. Gluons are not only color-charged, but they also produce very strong color fields.

Let us now consider empty space. In a quantum field theory, we cannot just say that the ground state of the
empty space is the state with no quanta - we have to solve the proper field equations, with proper boundary
conditions, and determine what is the state of the field. Such a state may or may not contain quanta. In
particular, whenever the space has a boundary, the ground state of the field does contain quanta - this fact is
called the vacuum polarization effect.

In QED, this is a very well known, and experimentally verified effect. For example, two conducting parallel
plates attract each other, even if they are not charged and placed in otherwise empty space (this is called the
Casimir effect Plu86). One can understand this attraction very easily. Namely, the vacuum fluctuations of
the electron field may create in an empty space virtual electron-positron pairs. These charged particles
induce virtual polarization charges in the conducting plates (it means virtual photons are created, travel to
plates, and reflect from them). Hence, the plates become virtually charged, and attract one another during a
short time when the existence of the virtual charges, and virtual photons, is allowed by the Heisenberg
principle. All in all, a net attractive force between plates appears.

In QED such effects are extremely weak, because the electron has a small charge and a non-zero rest mass.
On the other hand, the QCD gluons are massless, and their strong interaction is not damped by a small
parameter. As a result, the QCD vacuum polarization effect is extremely strong, and the empty space is not
empty at all - it must contain a soup of spontaneously appearing, interacting, and disappearing gluons.
Moreover, in the soup there also must be pairs of virtual quark-antiquark pairs that are also color-charged,
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gluons. Indeed, the Euler-Lagrange equations corresponding to the free gluon fields do produce the source
terms when the Lagrangian density is varied with respect to the gluon fields. (In QED, the free-photon-field
Lagrangian depends only on derivatives of the photon fields, and not on the photon fields themselves.)

The last term in (21) describes the six free quarks of masses  at rest. This does not mean that isolated

quarks can exist in Nature, be accelerated, and have their masses measured by their inertia with respect to
acceleration. Each free quark obeys the same Dirac equation as the electron in QED. The Dirac equation is

given by the last term and the -term in Eq. (21). Quarks couple to gluons through the color currents, 

(24)

We are going to discuss this aspect a few paragraphs below; here we only note that all quarks couple to

gluons with the same value of the color charge . We cannot give any numerical value to this parameter,

because it depends on energy through the mechanism called renormalization, that we shall not discuss in the
present course.

Consequences of the gluon charges are dramatic. Namely, the force carriers now exert the same force as the
force they transmit. Moreover, sources of the electromagnetic field depend on currents (20) that involve a
small parameter - the electron charge, while gluons constitute sources of the color field without any small
parameter. Gluons are not only color-charged, but they also produce very strong color fields.

Let us now consider empty space. In a quantum field theory, we cannot just say that the ground state of the
empty space is the state with no quanta - we have to solve the proper field equations, with proper boundary
conditions, and determine what is the state of the field. Such a state may or may not contain quanta. In
particular, whenever the space has a boundary, the ground state of the field does contain quanta - this fact is
called the vacuum polarization effect.

In QED, this is a very well known, and experimentally verified effect. For example, two conducting parallel
plates attract each other, even if they are not charged and placed in otherwise empty space (this is called the
Casimir effect Plu86). One can understand this attraction very easily. Namely, the vacuum fluctuations of
the electron field may create in an empty space virtual electron-positron pairs. These charged particles
induce virtual polarization charges in the conducting plates (it means virtual photons are created, travel to
plates, and reflect from them). Hence, the plates become virtually charged, and attract one another during a
short time when the existence of the virtual charges, and virtual photons, is allowed by the Heisenberg
principle. All in all, a net attractive force between plates appears.

In QED such effects are extremely weak, because the electron has a small charge and a non-zero rest mass.
On the other hand, the QCD gluons are massless, and their strong interaction is not damped by a small
parameter. As a result, the QCD vacuum polarization effect is extremely strong, and the empty space is not
empty at all - it must contain a soup of spontaneously appearing, interacting, and disappearing gluons.
Moreover, in the soup there also must be pairs of virtual quark-antiquark pairs that are also color-charged,

Figure 1: Fermion building blocks for electroweak (left) and strong (right)
interactions. From http://www.cpepweb.org/.

The first term in the QCD Lagrangian density (21) describes the free gluon fields defined by eight four-

potentials . One can say that instead of one photon of the QED, that transmits the electromagnetic

interaction, we have eight gluons that transmit the strong interaction, see Fig. 2.

Figure 2: Same as in Fig. (1) but for bosons. From http://www.cpepweb.org/.

The gluon field tensors  are defined as 

(23)



 
 Stan Brodsky,  SLAC QCD PhenomenologyNNPSSJuly 2006

     QCD
 
        Only quarks and gluons involve basic vertices: Quark-gluon vertex

More exactly

Gluon vertices

Fundamental Couplings 

colored particles couple to gluons

Similar to QED
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logarithmic derivative 
of the QCD coupling  is negative

Coupling becomes weaker at short distances 
or high momentum transfer

ψ(σ, b⊥)

β = dαs(Q2)
d lnQ2 < 0

u

ū

E′ = E − ν, &q

Q2 = &q2 − ν2
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σ(e+e−→three jets)
σ(e+e−→two jets)

proportional to αs(s)

Ratio of rate for e+e− → qq̄g to e+e− → qq̄

σ(e+e−→three jets)
σ(e+e−→two jets)

proportional to αs(s)

Ratio of rate for e+e− → qq̄g to e+e− → qq̄

σ(e+e−→three jets)
σ(e+e−→two jets)

proportional to αs(s)

proportional to αs(Q)

Ratio of rate for e+e− → qq̄g to e+e− → qq̄

at Q = ECM = Ee− + Ee+

σ(e+e−→three jets)
σ(e+e−→two jets)

proportional to αs(s)

proportional to αs(Q)

Ratio of rate for e+e− → qq̄g to e+e− → qq̄

at Q = ECM = Ee− + Ee+

Verification of Asymptotic Freedom 

αs(Q) ∝ 1
lnQ

σ(e+e−→three jets)
σ(e+e−→two jets)

proportional to αs(s)

proportional to αs(Q)

Ratio of rate for e+e− → qq̄g to e+e− → qq̄

at Q = ECM = Ee− + Ee+

Gross, Wilzcek, Politzer
Khriplovich, `t Hooft
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limNC → 0 at fixed α = CFαs, n" = nF/CF

e+e− → p# p

P. Huet, sjb

QCD Lagrangian

Analytic limit of QCD: Abelian Gauge Theory

[CF =
N2

C−1
2NC

]

FH(Q2)× [Q2]nH−1 ∼ constant

[Q2]nH−1FH(Q2) ∼ constant

FH(Q2) ∼ [ 1
Q2]

nH−1

fd(Q
2) ≡ Fd(Q

2)

Fp(
Q2
4 )Fp(

Q2
4 )

fd(Q
2) ∼ Fπ(Q2)
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logarithmic derivative 
of the QED coupling  is negative

Coupling becomes stronger at short 
distances or high momentum transfer

ψ(σ, b⊥)

β = dαs(Q2)
d lnQ2 < 0

u

ū

E′ = E − ν, &q

Q2 = &q2 − ν2

In QED (NC=0) 
the beta function is positive

> 
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1

1

!
"

1

2

!
"

1

3

!
"

18

Asymptotic unification of 
strong, electromagnetic, and 

weak forces

QED

QCD

Binger, sjb
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Given the elementary gauge theory interactions, all 
fundamental processes described in principle!

Example from QED:  

Electron gyromagnetic moment - ratio of spin precession 
frequency to Larmor frequency in a magnetic field 

1
2ge = 1.001 159 652 201(30)

1
2ge = 1.001 159 652 193(10)

ge accurate to 11 figures!

QED prediction  (Kinoshita, et al.)

Measurement (Dehmelt, et al.)

Dirac:  ge ≡ 2

1
2ge = 1.001 159 652 201(30)

1
2ge = 1.001 159 652 193(10)

ge accurate to 11 figures!

NC=0
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Radiative Corrections of Eighth- and Tenth-Orders to Lepton g-2
Toichiro Kinoshita a

aLaboratory for Elementary-Particle Physics
Cornell University
Ithaca, NY 14853, USA
E-mail: tk@hepth.cornell.edu

This paper reports the recent progress in evaluation of eighth- and tenth-order terms of the anomalous magnetic
moment of muon aµ and that of electron ae. The coefficients of (α/π)4 and (α/π)5 for aµ are 132.7199 (72) and
652 (20), respectively. The coefficient of (α/π)4 for ae is -1.7283 (35). The breakthrough for the (α/π)5 case is
development of fast algorithm which automates steps from Feynman diagram to FORTRAN code of the integral.

1. Introduction

The deviation of the electron g value from 2
predicted by Dirac’s theory was first confirmed by
an experiment on atomic spectrum [1]. Schwinger
showed that this deviation can be explained as the
effect of radiative correction by the renormalized
theory of QED [2]. Together with the discovery
of the Lamb shift in hydrogen atom, it provided a
convincing experimental evidence that (until then
discredited) QED is capable of predicting the ef-
fect of electromagnetic interaction correctly, pro-
vided that it is renormalized.

1.1. Precise measurement of electron g-2
By 1970’s precision of the measurement of the

electron g-2 was improved by four orders of mag-
nitude by means of spin precession of the electron
in a constant uniform magnetic field [3]. It was
improved further by three orders of magnitude in
a Penning trap experiment [4]:

ae− = 1 159 652 188.4 (4.3) × 10−12

ae+ = 1 159 652 187.9 (4.3) × 10−12, (1)

where the numerals 4.3 in parentheses represent
the combined statistical and systematic uncer-
tainties in the last digits of the measured value.

The precision of measurement was thus im-
proved by seven orders of magnitude from 5 ×
10−2 to 4 × 10−9 over 40 years. This enormous
improvement in measurement was matched by the
improvement of theory of radiative correction to

the electron g-2 from order α to order α4, leading
to the most stringent test of the validity of QED.

The uncertainty of the experiment (1) was
dominated by the cavity shift due to the interac-
tion of the electron with the hyperboloid cavity,
which has a very complicated resonance struc-
ture. Efforts were made to reduced this uncer-
tainty [5,6]. One of the approaches was to re-
place the hyperboloid cavity by a cylindrical cav-
ity, which allows analytic study of the resonance
structure [7]. Gabrielse’s new measurement of the
electron g-2 is based on this analysis. Recently
a preliminary result was reported, which is 7.5
times more precise than (1) [8].

1.2. Theory of electron g-2 to order α4

The QED contribution to ae can be written as

ae(QED) = A1 + A2(me/mµ) + A2(me/mτ )
+ A3(e/mµ, me/mτ), (2)

where Ai, i = 1, 2, 3, can be expanded as

Ai = A(2)
i

(α

π

)
+A(4)

i

(α

π

)2
+A(6)

i

(α

π

)3
+ . . . .(3)

First four coefficients of A1 are known [2,9–12]:

A(2)
1 = 0.5,

A(4)
1 = −0.328 478 965 . . . ,

A(6)
1 = 1.181 241 456 . . . ,

A(8)
1 = −1.728 3 (35). (4)

Nuclear Physics B (Proc. Suppl.) 157 (2006) 101–105

0920-5632/$ – see front matter © 2006 Elsevier B.V. All rights reserved.

www.elsevierphysics.com

doi:10.1016/j.nuclphysbps.2006.03.013

where 12, 31, and 68 are the uncertainties of the
α4 term, α5 term, and experiment, respectively.
This is almost an order of magnitude better than
any non-QED measurement of α.

The uncertainty of the measurement [8] is only
a factor 2 larger than that of theory, which is
mostly from the α5 term. When the measure-
ment of ae is improved further, reduction of the
uncertainty of α5 term will thus become necessary
to obtain a better α(ae).

For the muon the old estimate of A(10)
2 (mµ/me)

was 930 (170), which contributes only 0.054 ppm
to aµ, well within the current experimental un-
certainty. Thus improving A(10)

2 (mµ/me) is not
urgent. However, it will become an important
source of error in the next generation of aµ exper-
iment. This is why obtaining a better estimate of
A(10)

2 (mµ/me) will be useful.
Thus far only a small portion of tenth-order

diagrams contributing to aµ have been evaluated
analytically [25], or numerically [26]. Rough es-
timates based on the renormalization group and
other considerations have been made in order to
identify leading terms [24,26–28].

2.1. Classification of Diagrams
A complete evaluation of the α5 term re-

quires of course an enormous amount of work.
Fortunately, the leading contribution to a(10)

µ

comes from those Feynman diagrams containing
ln(mµ/me) terms whose sources can be readily
identified as light-by-light scattering subdiagrams
and vacuum-polarization insertions. Thus a rel-
atively modest amount of work will improve the
value of a(10)

µ beyond the previous result.
The term A(10)

1 for ae is much harder to eval-
uate. In any case the first step is to count and
classify Feynman diagrams contributing to the α5

term. The contribution to A(10)
1 may be classified

into six gauge-invariant sets, depending on the
types of subdiagrams (of the vacuum-polarization
(v-p) type or light-by-light scattering (l-l) type).
Set I. Second-order vertex diagrams containing
various closed electron loops. 208 diagrams.
Set II. Fourth-order vertex diagrams containing
various closed electron loops. 600 diagrams.
Set III. Sixth-order vertex diagrams containing

VI(a) VI(b) VI(c)

VI(d) VI(e) VI(f)

VI(g) VI(h) VI(i)

VI(j) VI(k)

Figure 1. Representative diagrams of eleven
gauge-invariant subsets of Set VI.

various closed electron loops. 1140 diagrams.
Set IV. Eighth-order vertex diagrams containing
various closed electron loops. 2072 diagrams.
Set V. Tenth-order vertex diagrams which con-
tain no closed electron loop. 6354 diagrams.
Set VI. Vertex diagrams which contain at least
one l-l subdiagram and not contained in the above
sets. 2298 diagrams.

The number of Feynman diagrams contributing
to A(10)

2 and A(10)
3 can be derived in a similar

fashion. The total number of Feynman diagrams
contributing to A(10)

1 is the sum of all diagrams,
namely 12672. The total number for A(10)

2 is 9080.

2.2. Leading diagrams contributing to a(10)
µ

As was noted already it is not difficult to iden-
tify diagrams which give large contribution to
a(10)

µ . They are diagrams containing ln(mµ/me)
which tend to have large numerical values because
mµ is much larger than me.

The largest contribution to aµ comes from the
Set VI(a). [See Fig. 1.] Next largest comes from

T. Kinoshita / Nuclear Physics B (Proc. Suppl.) 157 (2006) 101–105 103

Radiative Corrections of Eighth- and Tenth-Orders to Lepton g-2
Toichiro Kinoshita a

aLaboratory for Elementary-Particle Physics
Cornell University
Ithaca, NY 14853, USA
E-mail: tk@hepth.cornell.edu

This paper reports the recent progress in evaluation of eighth- and tenth-order terms of the anomalous magnetic
moment of muon aµ and that of electron ae. The coefficients of (α/π)4 and (α/π)5 for aµ are 132.7199 (72) and
652 (20), respectively. The coefficient of (α/π)4 for ae is -1.7283 (35). The breakthrough for the (α/π)5 case is
development of fast algorithm which automates steps from Feynman diagram to FORTRAN code of the integral.

1. Introduction

The deviation of the electron g value from 2
predicted by Dirac’s theory was first confirmed by
an experiment on atomic spectrum [1]. Schwinger
showed that this deviation can be explained as the
effect of radiative correction by the renormalized
theory of QED [2]. Together with the discovery
of the Lamb shift in hydrogen atom, it provided a
convincing experimental evidence that (until then
discredited) QED is capable of predicting the ef-
fect of electromagnetic interaction correctly, pro-
vided that it is renormalized.

1.1. Precise measurement of electron g-2
By 1970’s precision of the measurement of the

electron g-2 was improved by four orders of mag-
nitude by means of spin precession of the electron
in a constant uniform magnetic field [3]. It was
improved further by three orders of magnitude in
a Penning trap experiment [4]:

ae− = 1 159 652 188.4 (4.3) × 10−12

ae+ = 1 159 652 187.9 (4.3) × 10−12, (1)

where the numerals 4.3 in parentheses represent
the combined statistical and systematic uncer-
tainties in the last digits of the measured value.

The precision of measurement was thus im-
proved by seven orders of magnitude from 5 ×
10−2 to 4 × 10−9 over 40 years. This enormous
improvement in measurement was matched by the
improvement of theory of radiative correction to

the electron g-2 from order α to order α4, leading
to the most stringent test of the validity of QED.

The uncertainty of the experiment (1) was
dominated by the cavity shift due to the interac-
tion of the electron with the hyperboloid cavity,
which has a very complicated resonance struc-
ture. Efforts were made to reduced this uncer-
tainty [5,6]. One of the approaches was to re-
place the hyperboloid cavity by a cylindrical cav-
ity, which allows analytic study of the resonance
structure [7]. Gabrielse’s new measurement of the
electron g-2 is based on this analysis. Recently
a preliminary result was reported, which is 7.5
times more precise than (1) [8].

1.2. Theory of electron g-2 to order α4

The QED contribution to ae can be written as

ae(QED) = A1 + A2(me/mµ) + A2(me/mτ )
+ A3(e/mµ, me/mτ), (2)

where Ai, i = 1, 2, 3, can be expanded as

Ai = A(2)
i

(α

π

)
+A(4)

i

(α

π

)2
+A(6)

i

(α

π

)3
+ . . . .(3)

First four coefficients of A1 are known [2,9–12]:

A(2)
1 = 0.5,

A(4)
1 = −0.328 478 965 . . . ,

A(6)
1 = 1.181 241 456 . . . ,

A(8)
1 = −1.728 3 (35). (4)

Nuclear Physics B (Proc. Suppl.) 157 (2006) 101–105

0920-5632/$ – see front matter © 2006 Elsevier B.V. All rights reserved.

www.elsevierphysics.com

doi:10.1016/j.nuclphysbps.2006.03.013



 
 Stan Brodsky,  SLAC QCD PhenomenologyNNPSSJuly 2006 25

Phys. Rev. Lett. 23, 441–443 (1969)
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High-Precision Atomic 
Physics Tests of QED

• Lamb Shift in Hydrogen

• Hyperfine splitting of muonium and hydrogen 

• Muonic Atom spectroscsopy

• Positronium Lifetime

All Accurate to ppm 

Crucial tool of atomic physics: Wavefunctions
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e+e− → γ∗ → µ+µ−

e+e− → γ∗ → qq̄

Re+e−(Ecm) = σ(e+e−→hadrons)
σ(e+e−→µ+µ)

Re+e−(Ecm) = Ncolors ×
∑

q e2q

Data:

3× [(−1
3)

2 + (2
3)

2 + (−1
3)

2] = 2

Electron-Positron Annihilation

e+

e−

µ+

µ−

e+e− → γ∗ → µ+µ−

e+e− → γ∗ → qq̄

Re+e−(Ecm) = σ(e+e−→hadrons)
σ(e+e−→µ+µ)

e+

e−

µ+

µ−

e+e− → γ∗ → µ+µ−

e+e− → γ∗ → qq̄

Re+e−(Ecm) = σ(e+e−→hadrons)
σ(e+e−→µ+µ)

e+

e−

µ+

µ−

e+e− → γ∗ → µ+µ−

e+e− → γ∗ → qq̄

Re+e−(Ecm) = σ(e+e−→hadrons)
σ(e+e−→µ+µ)

e+

e−

µ+

µ−

e+e− → γ∗ → µ+µ−

e+e− → γ∗ → qq̄

Re+e−(Ecm) = σ(e+e−→hadrons)
σ(e+e−→µ+µ)

e+

γ∗

e−

µ+

µ−

e+e− → γ∗ → µ+µ−

e+e− → γ∗ → qq̄



 
 Stan Brodsky,  SLAC QCD PhenomenologyNNPSSJuly 2006 28

e+

e−

µ+

µ−

e+e− → γ∗ → µ+µ−

e+e− → γ∗ → qq̄

Re+e−(Ecm) = σ(e+e−→hadrons)
σ(e+e−→µ+µ)

e+

e−

µ+

µ−

e+e− → γ∗ → µ+µ−

e+e− → γ∗ → qq̄

Re+e−(Ecm) = σ(e+e−→hadrons)
σ(e+e−→µ+µ)

e+

γ∗

e−

µ+

µ−

e+e− → γ∗ → µ+µ−

e+e− → γ∗ → qq̄

e+

γ∗

e−

µ+

µ−

e+e− → γ∗ → µ+µ−

e+e− → γ∗ → qq̄

e+

q

q̄

γ∗

e−

µ+

µ−

e+

q

q̄

γ∗

e−

µ+

µ−

Rate proportional to quark charge squared 
and number of colors

Re+e−(Ecm) = σ(e+e−→hadrons)
σ(e+e−→µ+µ)

Re+e−(Ecm) = Ncolors ×
∑

q e2q

Data:

NC = 3

e2q = 4
9 u, c

e2q = 1
9 d, s, b

Electron-Positron Annihilation
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How to Count Quarks

Re+e−(Ecm) = σ(e+e−→hadrons)
σ(e+e−→µ+µ)

Re+e−(Ecm) = Ncolors ×
∑

q e2q

Data:

3× [(−1
3)

2 + (2
3)

2 + (−1
3)

2] = 2

Add NC × e2c = 3× (2
3)

2 = 4
3

Add NC × e2b = 3× (−1
3)

2 = 1
3

Re+e−(Ecm) = σ(e+e−→hadrons)
σ(e+e−→µ+µ)

Re+e−(Ecm) = Ncolors ×
∑

q e2q

Data:

3× [(−1
3)

2 + (2
3)

2 + (−1
3)

2] = 2

∆R = NC × e2c = 3× (2
3)

2 = 4
3

∆R = NC × e2b = 3× (−1
3)

2 = 1
3

J/ψ = (cc̄)1S

Υ = (b̄b)1S

J/ψ = (cc̄)1S

Υ = (b̄b)1S

∆R = NC × e2c = 3× (2
3)

2 = 4
3

∆R = NC × e2b = 3× (−1
3)

2 = 1
3

NC = 3

eu,c = 2
3

ed,s,b = −1
3

J/ψ = (cc̄)1S

Υ = (b̄b)1S

Re+e−(Ecm) = σ(e+e−→hadrons)
σ(e+e−→µ+µ)

Re+e−(Ecm) = Ncolors ×
∑

q e2q

Data:

NC = 3

e2q = 4
9 u, c

e2q = 1
9 d, s, b

Re+e−(Ecm) = σ(e+e−→hadrons)
σ(e+e−→µ+µ)

Re+e−(Ecm) = Ncolors ×
∑

q e2q

Data:

NC = 3

e2q = 4
9 u, c

e2q = 1
9 d, s, b
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Hadron Dynamics at the Amplitude Level

• DIS studies have primarily focussed on probability 
distributions:  integrated and unintegrated.

• Impact of ISI and FSI: Single Spin Asymmetries, 
Diffractive Deep Inelastic Scattering, Shadowing, 
Anti-shadowing

• Test QCD at the amplitude level: Phases, multi-
parton correlations, spin, angular momentum, 
exclusive processes

• Wavefunctions: Fundamental QCD Dynamics
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Wavefunctions: Fundamental  
description of composite systems

• Basic quantum mechanical quantities in atomic and 
nuclear physics

• Physics at the amplitude level

• Schrödinger wavefunction in nonrelativistic theory

• Relativistic formulation: Bethe Salpeter amplitudes 
evaluated at fixed time t

• Problem:  “Instant” form: Frame-dependent 
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Dirac’s Amazing  Idea:
The “Front Form”

Fig. 1. Dirac’s three forms of Hamiltonian dynamics.

2.4. Forms of Hamiltonian dynamics

Obviously, one has many possibilities to parametrize space—time by introducing some general-
ized coordinates xJ (x). But one should exclude all those which are accessible by a Lorentz
transformation. Those are included anyway in a covariant formalism. This limits considerably the
freedom and excludes, for example, almost all rotation angles. Following Dirac [123] there are no
more than three basically different parametrizations. They are illustrated in Fig. 1, and cannot be
mapped on each other by a Lorentz transform. They differ by the hypersphere on which the fields
are initialized, and correspondingly one has different “times”. Each of these space—time parametriz-
ations has thus its own Hamiltonian, and correspondingly Dirac [123] speaks of the three forms of
Hamiltonian dynamics: The instant form is the familiar one, with its hypersphere given by t"0. In
the front form the hypersphere is a tangent plane to the light cone. In the point form the time-like
coordinate is identified with the eigentime of a physical system and the hypersphere has a shape of
a hyperboloid.

Which of the three forms should be prefered? The question is difficult to answer, in fact it is
ill-posed. In principle, all three forms should yield the same physical results, since physics should
not depend on how one parametrizes the space (and the time). If it depends on it, one has made
a mistake. But usually one adjusts parametrization to the nature of the physical problem to
simplify the amount of practical work. Since one knows so little on the typical solutions of a field
theory, it might well be worth the effort to admit also other than the conventional “instant” form.

The bulk of research on field theory implicitly uses the instant form, which we do not even
attempt to summarize. Although it is the conventional choice for quantizing field theory, it has

S.J. Brodsky et al. / Physics Reports 301 (1998) 299—486 315

Instant Form Front Form 

z0 = 1
ΛQCD

z∆

∆ = 3 + L: conformal dimension of meson

P+ = P0 + Pz

Fixed τ = t + z/c

σ = ct− z

z0 = 1
ΛQCD

z∆

∆ = 3 + L: conformal dimension of meson

P+ = P0 + Pz

Fixed τ = t + z/c

σ = ct− z

Evolve in 
light-cone time!
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General remarks about orbital angular mo-
mentum

!R⊥

xi
!R⊥+!b⊥i

∑n
i
!b⊥i = !0⊥

∑n
i xi = 1

∑n
i=1(xi

!P⊥+ !k⊥i) = !P⊥

xi
!P⊥+ !k⊥i

∑n
i

!k⊥i = !0⊥

∑n
i xi = 1

General remarks about orbital angular mo-
mentum

Ψn(xi,!k⊥i, λi)

∑n
i=1(xi

!R⊥+!b⊥i) = !R⊥

xi
!R⊥+!b⊥i

∑n
i
!b⊥i = !0⊥

∑n
i xi = 1

P+, !P+

xiP
+, xi

!P⊥+ !k⊥i

ẑ

!L = !R× !P

!Li = (xi
!R⊥+!b⊥i)× !P

!"i = !b⊥i × !k⊥i

!"i = !Li − xi
!R⊥ × !P = !b⊥i × !P

A(σ,∆⊥) = 1
2π

∫
dζe

i
2σζM(ζ,∆⊥)

P+, $P⊥

xiP
+, xi

$P⊥+ $k⊥i

ζ = Q2

2p·q

ẑ

$L = $R× $P

$Li = (xi
$R⊥+$b⊥i)× $P

Light-Front Wavefunctions
P+ = P0 + Pz

xi = k+

P+ = k0+k3

P0+Pz

ψ(σ, b⊥)

β = dαs(Q2)
d lnQ2 < 0

u

ū

E′ = E − ν, &q

P+ = P0 + Pz

Fixed τ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

ψ(σ, b⊥)

β = dαs(Q2)
d lnQ2 < 0

u

Invariant under boosts!  Independent of Pµ 
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ψ(x,k⊥)
HQCD
LF |ψ>=M2|ψ>

Dirac’s Front Form: Fixed τ= t+ z/c

Light-Front Wavefunctions

xi =
k+
i

P+

0 < xi < 1

n∑
i=1

xi = 1

Remarkable new insights from AdS/CFT, the duality between    
conformal field theory and  Anti-de Sitter Space 

Invariant under boosts.   Independent of Pµ
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In terms of the hadron four-momentum P =
(P+, P−, !P⊥) with P± = P0 ± P3, the light-
front frame independent Hamiltonian for a
hadronic composite system HQCD

LC = PµPµ =
P−P+− !P2⊥, has eigenvalues given in terms of
the eigenmass M squared corresponding to
the mass spectrum of the color-singlet states
in QCD,

HQCD
LC |Ψh〉 =M2

h |Ψh〉In terms of the hadron four-momentum P =
(P+, P−, !P⊥) with P± = P0 ± P3, the light-
front frame independent Hamiltonian for a
hadronic composite system HQCD

LC = PµPµ =
P−P+− !P2⊥, has eigenvalues given in terms of
the eigenmass M squared corresponding to
the mass spectrum of the color-singlet states
in QCD,

HQCD
LC |Ψh〉 =M2

h |Ψh〉

In terms of the hadron four-momentum P =
(P+, P−, !P⊥) with P± = P0 ± P3, the light-
front frame independent Hamiltonian for a
hadronic composite system HQCD

LC = PµPµ =
P−P+− !P2⊥, has eigenvalues given in terms of
the eigenmass M squared corresponding to
the mass spectrum of the color-singlet states
in QCD,

HQCD
LC |Ψh〉 =M2

h |Ψh〉

The hadron state |Ψh〉 is expanded in a Fock-
state complete basis of non-interacting n-
particle states |n〉 with an infinite number of
components

∣∣∣Ψh(P
+, !P⊥)

〉
=

∑
n,λi

∫
[dxi d2!k⊥i]ψn/h(xi,!k⊥i, λi)

× |n : xiP
+, xi

!P⊥ + !k⊥i, λi〉

The hadron state |Ψh〉 is expanded in a Fock-
state complete basis of non-interacting n-
particle states |n〉 with an infinite number of
components

∣∣∣Ψh(P
+, !P⊥)

〉
=

∑
n,λi

∫
[dxi d2!k⊥i]ψn/h(xi,!k⊥i, λi)

× |n : xiP
+, xi

!P⊥ + !k⊥i, λi〉

measure of the phase space integration is
defined by

[dxi d2!k⊥i] = (16π3) δ

1−
n∑

j=1
xj

 δ(2)

 n∑
$=1

!k⊥$

 n∏
i=1

dxi

xi

d2!k⊥i

16π3 ,

(3)
and a normalized hadronic state 〈ψ|ψ〉 = 1,
can be expressed as a sum of overlap inte-
grals of light-front wavefunctions∑

n

∫
[dxi d2!k⊥i] |ψn/h(xi,!k⊥i, λi)|2 = 1. (4)

Compute 
LFWFS from 
first principles
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General remarks about orbital angular mo-
mentum

!R⊥

xi
!R⊥+!b⊥i

∑n
i
!b⊥i = !0⊥

∑n
i xi = 1

∑n
i=1(xi

!P⊥+ !k⊥i) = !P⊥

xi
!P⊥+ !k⊥i

∑n
i

!k⊥i = !0⊥

∑n
i xi = 1

∑n
i=1(xi

!P⊥+ !k⊥i) = !P⊥

xi
!P⊥+ !k⊥i

∑n
i

!k⊥i = !0⊥

∑n
i xi = 1

General remarks about orbital angular mo-
mentum

Ψn(xi,!k⊥i, λi)

∑n
i=1(xi

!R⊥+!b⊥i) = !R⊥

xi
!R⊥+!b⊥i

∑n
i
!b⊥i = !0⊥

∑n
i xi = 1

P+, !P+

xiP
+, xi

!P⊥+ !k⊥i

ẑ

!L = !R× !P

!Li = (xi
!R⊥+!b⊥i)× !P

!"i = !b⊥i × !k⊥i

!"i = !Li − xi
!R⊥ × !P = !b⊥i × !P

∑n
i=1 k+

i =
∑n

i=1 xi
!P+ = !P+

∑n
i=1(xi

!P⊥+ !k⊥i) = !P⊥

xi
!P⊥+ !k⊥i

∑n
i

!k⊥i = !0⊥

∑n
i xi = 1

n-1  Intrinsic Orbital Angular Momenta
Frame Independent

P+, !P+

xiP
+, xi

!P⊥+ !k⊥i

ẑ

!L = !R× !P

!Li = (xi
!R⊥+!b⊥i)× !P

!"j ≡ (!b⊥ × !k⊥)j = i( ∂
∂!k⊥

× !k⊥)j

j = 1,2, · · · (n− 1)

A(σ,∆⊥) = 1
2π

∫
dζe

i
2σζM(ζ,∆⊥)

P+, $P⊥

xiP
+, xi

$P⊥+ $k⊥i

ζ = Q2

2p·q

ẑ

$L = $R× $P

$Li = (xi
$R⊥+$b⊥i)× $P

!Li = !P⊥ × (xi
!R⊥+!b⊥i)

!"j ≡ (!k⊥ ×!b⊥)j = (!k⊥ × i∂
∂!k⊥

)j

j = 1,2, · · · (n− 1)

!"i = !Li − xi
!R⊥ × !P = !b⊥i × !P

!"j ≡ !Li − xi
!R⊥ × !P = !b⊥i × !P

!L =
∑n

i
!Li = !P⊥ ×

∑n
i xi

!R⊥
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moment vanishes [22]. The light-cone formalism also properly incorporatesWigner boosts.

Thus this model of composite systems can serve as a useful theoretical laboratory to

interrelate hadronic properties and check the consistency of formulae proposed for the

study of hadron substructure.

7. Spin and orbital angular momentum composition of light-cone wavefunctions

In general the light-cone wavefunctions satisfy conservation of the z projection of

angular momentum:

J z =
n∑

i=1
sz
i +

n−1∑
j=1

lzj . (62)

The sum over sz
i represents the contribution of the intrinsic spins of the n Fock state

constituents. The sum over orbital angular momenta lzj = −i(k1j ∂
∂k2j

− k2j
∂

∂k1j

)
derives from

the n−1 relative momenta. This excludes the contribution to the orbital angularmomentum
due to the motion of the center of mass, which is not an intrinsic property of the hadron.

We can see how the angular momentum sum rule Eq. (62) is satisfied for the

wavefunctions Eqs. (20) and (23) of the QED model system of two-particle Fock states.

In Table 1 we list the fermion constituent’s light-cone spin projection sz
f = 1

2
λf, the boson

constituent spin projection sz
b = λb, and the relative orbital angular momentum lz for each

contributing configuration of the QED model system wavefunction.

Table 1 is derived by calculating the matrix elements of the light-cone helicity operator

γ +γ 5 [29] and the relative orbital angular momentum operator−i(k1 ∂
∂k2

− k2 ∂
∂k1

)
[16,30,

31] in the light-cone representation. Each configuration satisfies the spin sum rule: J z =
sz
f + sz

b + lz.

For a better understanding of Table 1, we look at the non-relativistic and ultra-relativistic

limits. At the non-relativistic limit, the transversal motions of the constituent can be

neglected and we have only the | + 1
2
〉 → | − 1

2
+ 1〉 configuration which is the non-

relativistic quantum state for the spin-half system composed of a fermion and a spin-1

boson constituents. The fermion constituent has spin projection in the opposite direction

to the spin J z of the whole system. However, for ultra-relativistic binding in which the

transversal motions of the constituents are large compared to the fermion masses, the

Table 1

Spin decomposition of the J z = + 1
2
electron

Configuration Fermion spin sz
f

Boson spin sz
b

Orbital ang. mom. lz∣∣+ 1
2

〉 → ∣∣+ 1
2

+ 1〉 + 1
2

+1 −1∣∣+ 1
2

〉 → ∣∣− 1
2

+ 1〉 − 1
2

+1 0∣∣+ 1
2

〉 → ∣∣+ 1
2

− 1〉 + 1
2

−1 +1

Conserved 
LF Fock state by Fock State

S.J. Brodsky et al. / Nuclear Physics B 593 (2001) 311–335 331
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n-1 orbital angular momenta

Angular Momentum on the Light-Front
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2 QED Model (Perturbative)

ψ↑
+ 1

2 +1
(x,"k⊥) = −√

2 (−k1+ik2)
x(1−x) ϕ ,

ψ↑
+ 1

2 −1
(x,"k⊥) = −√

2 (+k1+ik2)
1−x ϕ ,

ψ↑
− 1

2 +1
(x,"k⊥) = −√

2(M − m
x ) ϕ ,

ψ↑
− 1

2 −1
(x,"k⊥) = 0 ,

(8)

where

ϕ = ϕ(x,"k⊥) =
e/
√

1 − x

M2 − ("k2⊥ + m2)/x − ("k2⊥ + λ2)/(1 − x)
. (9)



ψ↓
+ 1

2 +1
(x,"k⊥) = 0 ,

ψ↓
+ 1

2 −1
(x,"k⊥) = −√

2(M − m
x ) ϕ ,

ψ↓
− 1

2 +1
(x,"k⊥) = −√

2 (−k1+ik2)
1−x ϕ ,

ψ↓
− 1

2 −1
(x,"k⊥) = −√

2 (+k1+ik2)
x(1−x) ϕ .

(10)

q(x, Λ2)spin−1 diquark

=
∫ d2"k⊥dx

16π3
θ(Λ2 −M2) 2

[ "k2
⊥

x2(1 − x)2
+

"k2
⊥

(1 − x)2
+ (M − m

x
)2

]
|ϕ|2 ,

∆q(x, Λ2)spin−1 diquark

=
∫ d2"k⊥dx

16π3
θ(Λ2 −M2) 2

[ "k2
⊥

x2(1 − x)2
+

"k2
⊥

(1 − x)2
− (M − m

x
)2

]
|ϕ|2 ,

δq(x, Λ2)spin−1 diquark

=
∫ d2"k⊥dx

16π3
θ(Λ2 −M2) 4

[ "k2
⊥

x(1 − x)2

]
|ϕ|2 . (11)

3

LFWFs of Electron (n=2)

Hwang, Schmidt, sjb

Spin-1/2    
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  mass m
Spin-1  mass  

M   m + 
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3

Gives Schwinger 
Anomalous 

Moment

Drell, sjb

Lz = 1

Lz = −1

Lz = 0

α

2π

Lz = 1

Lz = −1

Lz = 0

α

2π

Lz = 1

Lz = −1

Lz = 0

α

2π

Jz = +
1

2

Lz = 1

Lz = −1

Lz = 0

α

2π

α

3π

− α

3π
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Quantum Mechanics: Uncertainty in  p, r, spin

Relativistic Quantum Field Theory: 
Uncertainty in particle number n

Positronium n=2

Lamb Shift n=3

Hyperfine splitting n=3

Lamb Shift n=3

Vacuum Polarization n=4
e+ e− γ

e+e−e+e− e+e−γ e+e−

ge ≡ 2

1
2ge = 1.001 159 652 201(30)

1
2ge = 1.001 159 652 193(10)

ge accurate to 11 figures!

e+ e− γ

e+e−e+e− e+e−γ e+e−

ge ≡ 2

1
2ge = 1.001 159 652 201(30)

1
2ge = 1.001 159 652 193(10)

ge accurate to 11 figures!

e+ e− γ

e+e−e+e− e+e−γ e+e−

ge ≡ 2

1
2ge = 1.001 159 652 201(30)

1
2ge = 1.001 159 652 193(10)

ge accurate to 11 figures!

e+ e− γ

e+e−e+e− e+e−γ e+e−

ge ≡ 2

1
2ge = 1.001 159 652 201(30)

1
2ge = 1.001 159 652 193(10)

ge accurate to 11 figures!
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ψ(x,k⊥)

HQCD
LF |ψ>=M2|ψ>

Dirac’s Front Form: Fixed τ= t+ z/c
Light-Front Wavefunctions

Invariant under boosts.   Independent of Pµ

xi =
k+
i

P+

0 < xi < 1

n∑
i=1

xi = 1

n
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|uud >, |uudg>, |uudss̄>, |uudcc̄>, |uudbb̄> · · ·

s(x) != s̄(x)

• Proton Fock States

• Strange and Anti-Strange Quarks not Symmetric

• “Intrinsic Charm”: High momentum heavy quarks

• “Hidden Color”: Deuteron  not  always  p +  n

• Orbital Angular Momentum Fluctuations - 
Anomalous Magnetic Moment

Hadrons Fluctuate in Particle 
Number
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10-5 .001 0.01 0.05 0.1 .2 .3 .4 .5 .6 .7
x

-2×10-3

0

2×10-3

4×10-3

6×10-3

8×10-3

S-  (=
 x

s- (x
,Q

)) 
dx

/d
z

Momentum Asymmetry

(scale: linear in z = x1/3)
S. Kretzer; B.Q. Ma and sjb

S−(x) = x[s(x)− s(x)]

α "= 0 solutions

Sfluct = 2πα = 2πL

λ = 2π/κ2

αR(t)→ −1

z = ζ

κ4
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Holographic Model for Light-Front Wave
Functions

SJB and GdT

02/21/2005

Hadron form factors can be expressed as a sum of overlap integrals of light-front
wave functions:

F (q2) =
∑

n

∫ [
dxi

] [
d2!k⊥i

] ∑
j

ejψ
∗
n(xi,!k

′
⊥i, λi)ψn(xi,!k⊥i, λi), (1)

where the variables of the light-cone Fock components in the final-state are given by

!k′⊥i = !k⊥i + (1− xi) !q⊥, (2)

for a struck constituent quark and

!k′⊥i = !k⊥i − xi !q⊥, (3)

for each spectator. The momentum transfer is q2 = −!q 2
⊥ = −2P · q = −Q2. The

measure of the phase-space integration is

[
dxi

]
=

n∏
i=1

dxi√
xi

δ

(
1−

n∑
j=1

xj

)
, (4)

[
d2!k⊥i

]
= (16π3)

n∏
i=1

d2!k⊥i

16π3
δ(2)

(
n∑

!=1

!k⊥!

)
. (5)

We define the total position coordinate of a hadron or its transverse center of
momentum !R⊥ in terms of the energy momentum tensor T µν

!R⊥ =
1

P+

∫
dx−

∫
d2!r⊥T++!r⊥. (6)

In terms of partonic variables:

xi!r⊥i = !R⊥ +!b⊥i, (7)

where the variables !r⊥i are the physical coordinates and!b⊥ are the frame-independent
internal coordinates. Thus, !R⊥ =

∑
i xi!r⊥i and

∑
i
!b⊥i = 0.

Exact Representation of Form Factors using LFWFs

Drell Yan,  West,  Drell, SJB
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For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression

F1(q
2) =

∑
a

∫
[dx][d2k⊥]

∑
j

ej

[
ψ↑∗

a (xi,k
′
⊥i, λi) ψ↑

a(xi,k⊥i, λi)
]
, (10)

whereas the Pauli and electric dipole form factors are given by

F2(q2)

2M
=

∑
a

∫
[dx][d2k⊥]

∑
j

ej
1

2
× (11)

[
− 1

qL
ψ↑∗

a (xi,k
′
⊥i, λi) ψ↓

a(xi,k⊥i, λi) +
1

qR
ψ↓∗

a (xi,k
′
⊥i, λi) ψ↑

a(xi,k⊥i, λi)
]

,

F3(q2)

2M
=

∑
a

∫
[dx][d2k⊥]

∑
j

ej
i

2
× (12)

[
− 1

qL
ψ↑∗

a (xi,k
′
⊥i, λi) ψ↓

a(xi,k⊥i, λi)− 1

qR
ψ↓∗

a (xi,k
′
⊥i, λi) ψ↑

a(xi,k⊥i, λi)
]

.

The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

∫
[dx] [d2k⊥] ≡ ∑

λi,ci,fi

[
n∏

i=1

(∫ ∫ dxi d2k⊥i

2(2π)3

)]
16π3δ

(
1−

n∑
i=1

xi

)
δ(2)

(
n∑

i=1

k⊥i

)
, (13)

where n denotes the number of constituents in Fock state a and we sum over the
possible {λi}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function differentiate between the struck and spectator constituents; namely, we
have [13, 15]

k′
⊥j = k⊥j + (1− xj)q⊥ (14)

for the struck constituent j and

k′
⊥i = k⊥i − xiq⊥ (15)

for each spectator i, where i $= j. Note that because of the frame choice q+ = 0, only
diagonal (n′ = n) overlaps of the light-front Fock states appear [14].

6

For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression

F1(q
2) =

∑
a

∫
[dx][d2k⊥]

∑
j

ej

[
ψ↑∗

a (xi,k
′
⊥i, λi) ψ↑

a(xi,k⊥i, λi)
]
, (10)

whereas the Pauli and electric dipole form factors are given by

F2(q2)

2M
=

∑
a

∫
[dx][d2k⊥]

∑
j

ej
1

2
× (11)

[
− 1

qL
ψ↑∗

a (xi,k
′
⊥i, λi) ψ↓

a(xi,k⊥i, λi) +
1

qR
ψ↓∗

a (xi,k
′
⊥i, λi) ψ↑

a(xi,k⊥i, λi)
]

,

F3(q2)

2M
=

∑
a

∫
[dx][d2k⊥]

∑
j

ej
i

2
× (12)

[
− 1

qL
ψ↑∗

a (xi,k
′
⊥i, λi) ψ↓

a(xi,k⊥i, λi)− 1

qR
ψ↓∗

a (xi,k
′
⊥i, λi) ψ↑

a(xi,k⊥i, λi)
]

.

The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

∫
[dx] [d2k⊥] ≡ ∑

λi,ci,fi

[
n∏

i=1

(∫ ∫ dxi d2k⊥i

2(2π)3

)]
16π3δ

(
1−

n∑
i=1

xi

)
δ(2)

(
n∑

i=1

k⊥i

)
, (13)

where n denotes the number of constituents in Fock state a and we sum over the
possible {λi}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function differentiate between the struck and spectator constituents; namely, we
have [13, 15]

k′
⊥j = k⊥j + (1− xj)q⊥ (14)

for the struck constituent j and

k′
⊥i = k⊥i − xiq⊥ (15)

for each spectator i, where i $= j. Note that because of the frame choice q+ = 0, only
diagonal (n′ = n) overlaps of the light-front Fock states appear [14].

6

For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression

F1(q
2) =

∑
a

∫
[dx][d2k⊥]

∑
j

ej

[
ψ↑∗

a (xi,k
′
⊥i, λi) ψ↑

a(xi,k⊥i, λi)
]
, (10)

whereas the Pauli and electric dipole form factors are given by

F2(q2)

2M
=

∑
a

∫
[dx][d2k⊥]

∑
j

ej
1

2
× (11)

[
− 1

qL
ψ↑∗

a (xi,k
′
⊥i, λi) ψ↓

a(xi,k⊥i, λi) +
1

qR
ψ↓∗

a (xi,k
′
⊥i, λi) ψ↑

a(xi,k⊥i, λi)
]

,

F3(q2)

2M
=

∑
a

∫
[dx][d2k⊥]

∑
j

ej
i

2
× (12)

[
− 1

qL
ψ↑∗

a (xi,k
′
⊥i, λi) ψ↓

a(xi,k⊥i, λi)− 1

qR
ψ↓∗

a (xi,k
′
⊥i, λi) ψ↑

a(xi,k⊥i, λi)
]

.

The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

∫
[dx] [d2k⊥] ≡ ∑

λi,ci,fi

[
n∏

i=1

(∫ ∫ dxi d2k⊥i

2(2π)3

)]
16π3δ

(
1−

n∑
i=1

xi

)
δ(2)

(
n∑

i=1

k⊥i

)
, (13)

where n denotes the number of constituents in Fock state a and we sum over the
possible {λi}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function differentiate between the struck and spectator constituents; namely, we
have [13, 15]

k′
⊥j = k⊥j + (1− xj)q⊥ (14)

for the struck constituent j and

k′
⊥i = k⊥i − xiq⊥ (15)

for each spectator i, where i $= j. Note that because of the frame choice q+ = 0, only
diagonal (n′ = n) overlaps of the light-front Fock states appear [14].

6

Drell, sjb
A(σ,∆⊥) = 1

2π

∫
dζe

i
2σζM(ζ,∆⊥)

P+, $P⊥

xiP
+, xi
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2p·q
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Light-Cone Wavefunction Representations of
Anomalous Magnetic Moment and Electric Dipole

Moment
August 28, 2005

1 Outline

• P, C, T on the LF

• LF representations of the electromagnetic form factors

• Relationship between F2 and F3

• Consequences for estimate of F3 and bounds on CP-violating parameters

1.1 Discrete Symmetry Transformations on the Light Front

We use the γ matrices in the Dirac representation:

γ0 =

(
1 0
0 −1

)
, γi =

(
0 σi

−σi 0

)
, γ5 =

(
0 1
1 0

)
, (1)

where σi are Pauli matrices and σµν = i
2 [γ

µ, γν ]. The light-cone spinors are given by

uLC
↑ (p) =

1√
2p+


p+ + m

pR

p+ −m
pR

 , uLC
↓ (p) =

1√
2p+


−pL

p+ + m
pL

−p+ + m

 , (2)

where we use the notation pR = p1 + ip2, pL = p1 − ip2, p± = p0 ± p3. Moreover, we
employ the notation kµ = (k+, k−, kL, kR) throughout. Note that k ·x = (1/2)(k+x−+
k−x+ − kLxR − kRxL).

The development of the transformation properties of the various fermion bilinears
under C, P , and T in the light-front formalism parallels that of Peskin and Schroeder,
p. 64ff. One crucial difference, however, is that we will invoke the transformation
properties on the ⊥ components of xµ, kµ only, so that we can avoid the occurrence
of transformations such as k+ ↔ k−, or negative definite values of k+ or k−. In
specific, we will consider transformations on #k⊥ alone, so that |#k⊥|2, k−, and k+ all
remain unchanged. This means that our particles will remain on their energy shell
throughout, in analogy to the on-mass-shell condition in the equal-time formalism.

2 Light-Cone Wavefunction Representations

2.1 Electric Dipole Moment Form Factor

In the case of a spin-1
2 composite system, the Dirac and Pauli form factors F1(q2) and

F2(q2), electric dipole moment form factor F3(q2) are defined by

〈P ′|Jµ(0)|P 〉 = U(P ′)
[
F1(q

2)γµ+F2(q
2)

i

2M
σµαqα+F3(q

2)
−1

2M
σµαγ5qα

]
U(P ) , (47)

where qµ = (P ′ − P )µ and u(P ) is the bound state spinor. In the light-cone formal-
ism it is convenient to identify the Dirac and Pauli form factors from the helicity-
conserving and helicity-flip vector current matrix elements of the J+ current:

F1(q
2) =

〈
P + q, ↑

∣∣∣∣∣J+(0)

2P+

∣∣∣∣∣ P, ↑
〉

=

〈
P + q, ↓

∣∣∣∣∣J+(0)

2P+

∣∣∣∣∣ P, ↓
〉

, (48)

F2(q2)

2M
=

1

2

[
+

1

−q1 + iq2

〈
P + q, ↑

∣∣∣∣∣J+(0)

2P+

∣∣∣∣∣ P, ↓
〉

+
1

q1 + iq2

〈
P + q, ↓

∣∣∣∣∣J+(0)

2P+

∣∣∣∣∣ P, ↑
〉 ]

,

(49)
F3(q2)

2M
=

i

2

[
+

1

−q1 + iq2

〈
P + q, ↑

∣∣∣∣∣J+(0)

2P+

∣∣∣∣∣ P, ↓
〉
− 1

q1 + iq2

〈
P + q, ↓

∣∣∣∣∣J+(0)

2P+

∣∣∣∣∣ P, ↑
〉 ]

.

(50)
In getting (48), (49) and (50) from (47), we used (for P ′+ = P+)

1

2P+
U(P ′, λ′)γ+ U(P, λ) = δλ, λ′ , (51)

1

2P+
U(P ′, λ′)iσ+1 U(P, λ) = −λ δλ,−λ′ , (52)

1

2P+
U(P ′, λ′)iσ+2 U(P, λ) = − i δλ,−λ′ ,

1

2P+
U(P ′, λ′)iσ+1γ5 U(P, λ) = − δλ,−λ′ , (53)

1

2P+
U(P ′, λ′)iσ+2γ5 U(P, λ) = − i λ δλ,−λ′ .

The magnetic and electric moment of a composite system is one of its most basic
properties. The magnetic moment is defined at the q2 → 0 limit,

µ =
e

2M
[F1(0) + F2(0)] , d =

e

2M
F3(0) , (54)
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where e is the charge and M is the mass of the composite system. We use the standard
light-cone frame (q± = q0 ± q3):

q = (q+, q−, !q⊥) =

(
0,
−q2

P+
, !q⊥

)
,

P = (P+, P−, !P⊥) =

(
P+,

M2

P+
,!0⊥

)
, (55)

where q2 = −2P · q = −!q2
⊥ is 4-momentum square transferred by the photon.

The Pauli form factor and the anomalous magnetic moment κ = e
2M F2(0) and the

electric dipole moment d = e
2M F3(0) can then be calculated from the expressions

F2(q2)

2M
=

∑
a

∫ d2!k⊥dx

16π3

∑
j

ej
1

2
× (56)

[
+

1

−q1 + iq2
ψ↑∗

a (xi,!k
′
⊥i, λi) ψ↓

a(xi,!k⊥i, λi) +
1

q1 + iq2
ψ↓∗

a (xi,!k
′
⊥i, λi) ψ↑

a(xi,!k⊥i, λi)
]

,

F3(q2)

2M
=

∑
a

∫ d2!k⊥dx

16π3

∑
j

ej
i

2
× (57)

[
+

1

−q1 + iq2
ψ↑∗

a (xi,!k
′
⊥i, λi) ψ↓

a(xi,!k⊥i, λi)− 1

q1 + iq2
ψ↓∗

a (xi,!k
′
⊥i, λi) ψ↑

a(xi,!k⊥i, λi)
]

,

where the summation is over all contributing Fock states a and struck constituent
charges ej. The arguments of the final-state light-cone wavefunction are

!k′⊥i = !k⊥i + (1− xi)!q⊥ (58)

for the struck constituent and

!k′⊥i = !k⊥i − xi!q⊥ (59)

for each spectator.

3 Explicit Calculations in Example of Scalar Di-
quark Model

3.1 Sivers Function

In this section we calculate the Sivers function explicitly using the formula (??), which
expresses the Sivers function in terms of the light-cone wavefunctions, in the scalar

8

Relation between edm and anomalous magnetic moment
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F3(q
2) = F2(q

2)× tanφ

Fock state by Fock state

QCD → QED

in limit NC → 0

F3(q
2) = F2(q

2)× tanφ

Fock state by Fock state

QCD → QED

in limit NC → 0

Gardner, Hwang, sjb, 

CP-violating phase of LFWF

New relation between dn and dp
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Nuclear Chromodynamics:
Novel Effects of QCD in Nuclear Systems

• QCD Color Transparency and Opaqueness 

• Hidden Color 

• Exclusive Nuclear Reactions, x > 1 

• Nuclear shadowing and antishadowing

• Diffractive Phenomena 
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What if we ask for a specific final state?

Exclusive Processes

e+e− → pp̄

αs(Q) ∝ 1
lnQ

σ(e+e−→three jets)
σ(e+e−→two jets)

proportional to αs(s)

proportional to αs(Q)

Ratio of rate for e+e− → qq̄g to e+e− → qq̄

at Q = ECM = Ee− + Ee+

Probability decreases with number of constituents!

R(e+e− → HH̄) ∝ |F (s)|2

s = (Ee+ + Ee−)
2

R(e+e− → HH̄) ∝ [ 1
s2

]nq−1

e−

∆x×∆p > h
2π

α

1fm = 10−15m = 10−13cm

R(e+e− → HH̄) ∝ |F (s)|2

s = (Ee+ + Ee−)
2

R(e+e− → HH̄) ∝ [ 1
s2

]nq−1

e−

∆x×∆p > h
2π

α

1fm = 10−15m = 10−13cm

R(e+e− → HH̄) ∝ |F (s)|2

s = (Ee+ + Ee−)
2

|F (s)| ∝ [1s ]
nq−1

R(e+e− → HH̄) ∝ [ 1
s2

]nq−1

e−

∆x×∆p > h
2π

α
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Dispersive description of the ratio GE /GM
The “inverse problem”

Two photon contribution to e+e− → pp

Introduction

Dispersive approach

Results and conclusions

Nucleon Form Factors

N

N

Γµ(q)

γ(q)
γµ

e−

e−
Nucleon current operator (Dirac & Pauli)

Γµ(q) = γµF1(q
2) +

i

2MN
σµνqνF2(q

2)

Electric and Magnetic Form Factors

GE (q2) = F1(q
2) + τF2(q

2)

GM(q2) = F1(q
2) + F2(q

2)
τ =

q2

4M2
N

θe− p
e
−

p

Elastic scattering

dσ

dΩ
=

α2E ′e cos2 θ
2

4E3
e sin

4 θ
2

[
G2

E + τ

(
1+ 2(1+ τ) tan2

θ

2

)
G2

M

]
1

1+ τ

θ

e− e+

p

p

Annihilation

dσ

dΩ
=

α2
√
1− 1/τ

4q2

[
(1+ cos2 θ)|GM |2 +

1

τ
sin2 θ|GE |2

]

Simone Pacetti Ratio |Gp
E (q2)/Gp

M (q2)| and dispersion relations

e+e− → pp̄

ep→ ep

R(e+e− → HH̄) ∝ |F (s)|2

s = (Ee+ + Ee−)
2

|F (s)| ∝ [1s ]
nq−1

R(e+e− → HH̄) ∝ [ 1
s2

]nq−1

e−

e+e− → pp̄

ep→ ep

R(e+e− → HH̄) ∝ |F (s)|2

s = (Ee+ + Ee−)
2

|F (s)| ∝ [1s ]
nq−1

R(e+e− → HH̄) ∝ [ 1
s2

]nq−1

e−
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• Fundamental measure of valence wavefunction

• Gauge Invariant (includes Wilson line)

• Evolution Equations, OPE

• Conformal Expansion

• Hadronic Input in Factorization Theorems

Hadron Distribution 
Amplitudes 

Lepage; SJB
Efremov, Radyuskin

φ(xi, Q) ≡ Πn−1
i=1

∫ Q d2"k⊥ ψn(xi,"k⊥i)
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Conformal Behavior : t2F1(t) = const

Non-perturbative model: 
Diehl, Kroll

Remarkable scaling 
behavior
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[33]

Exclusive Processes in QCD and Light-Front Wavefunctions

S. Brodsky

   

Return

Primary Test of QCD Factorization, 
Scaling 

M =
∫ ∏

dxidyiφF (x, Q̃)×TH(xi, yi, Q̃)φI(yi, Q)

Conformal Behavior : t2F1(t) = const
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FH(Q) ∝ 1
(Q2)n−1

Q momentum transfer

e+e− → pp̄

αs(Q) ∝ 1
lnQ

σ(e+e−→three jets)
σ(e+e−→two jets)

proportional to αs(s)

n = # elementary constituents

Brodsky and Farrar, Phys. Rev. Lett. 31 (1973) 1153 
Matveev et al., Lett. Nuovo Cimento, 7 (1973) 719 

Quark Counting Rules for 
Exclusive Processes

• Power-law fall-off of the scattering rate reflects 
degree of compositeness

• The more composite -- the faster the fall-off

• Power-law counts the number of quarks and gluon 
constituents

• Form factors: probability amplitude to stay intact

•
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FH(Q2)× [Q2]nH−1 ∼ constant

[Q2]nH−1FH(Q2) ∼ constant

FH(Q2) ∼ [ 1
Q2]

nH−1

fd(Q
2) ≡ Fd(Q

2)

Fp(
Q2
4 )Fp(

Q2
4 )

fd(Q
2) ∼ Fπ(Q2)

d′

Quark counting rules predict:    constant
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Timelike proton form factor in PQCD 

form factors at largeQ2, has the form [38, 86, 23]

GM (Q2) → α2
s(Q

2)

Q4

∑
n,m

bnm

(
log

Q2

Λ2

)γB
n +γB

n

×
[
1 + O

(
αs(Q

2),
m2

Q2

)]
. (13)

where the γB
n are computable anomalous dimensions [87]

of the baryon three-quark wave function at short distance,

and the bmn are determined from the value of the distribu-

tion amplitude φB(x, Q2
0) at a given point Q

2
0 and the nor-

malization of TH . Asymptotically, the dominant term has

the minimum anomalous dimension. The contribution from

the endpoint regions of integration, x ∼ 1 and y ∼ 1, at fi-
nite k⊥ is Sudakov suppressed [30, 86, 38]; however, the

endpoint region may play a significant role in phenomenol-

ogy.

The proton form factor appears to scale at Q2 >
5 GeV2 according to the PQCD predictions. Nucleon

form factors are approximately described phenomeno-

logically by the well-known dipole form GM (Q2) $
1/(1 + Q2/0.71 GeV2)2 which behaves asymptotically as
GM (Q2) $ (1/Q4)(1− 1.42 GeV2/Q2 + · · ·) . This sug-
gests that the corrections to leading twist in the proton form

factor and similar exclusive processes involving protons

become important in the rangeQ2 < 1.4 GeV2.

Measurements for the timelike proton form factor using

pp → e+e− annihilation are reported in Ref. [7]. The re-
sults are consistent with perturbative QCD scaling. The

ratio of the timelike to spacelike form factor depends in

detail on the analytic continuation of the QCD coupling,

anomalous dimensions [68].

The shape of the distribution amplitude controls the nor-

malization of the leading-twist prediction for the proton

form factor. If one assumes that the proton distribution am-

plitude has the asymptotic form: φN = Cx1x2x3, then the

convolution with the leading order form for TH gives zero!

If one takes a non-relativistic form peaked at xi = 1/3, the
sign is negative, requiring a crossing point zero in the form

factor at some finiteQ2. The broad asymmetric distribution

amplitudes advocated by Chernyak and Zhitnitsky [88, 89]

gives a more satisfactory result. If one assumes a constant

value of αs = 0.3, and fN = 5.3×10−3GeV2, the leading

order prediction is below the data by a factor of≈ 3. How-
ever, since the form factor is proportional to α2

sf
2
N , one

can obtain agreement with experiment by a simple renor-

malization of the parameters. For example, if one uses the

central value [90] fN = 8 × 10−3GeV2, then good agree-

ment is obtained [91]. The normalization of the proton’s

distribution amplitude is also important for determining the

proton’s lifetime [92, 93].

A useful technique for obtaining the solutions to the

baryon evolution equations is to construct completely an-

tisymmetric representations as a polynomial orthonormal

basis for the distribution amplitude of multi-quark bound

states. In this way one obtain a distinctive classification of

nucleon (N) and Delta (∆) wave functions and the cor-
responding Q2 dependence which discriminates N and ∆
form factors. More recently Braun and collaborators have

shown how one can use conformal symmetry to classify the

eigensolutions of the baryon distribution amplitude [46].

They identify a new ‘hidden’ quantum number which dis-

tinguishes components in the λ = 3/2 distribution ampli-
tudes with different scale dependence. They are able to find

analytic solution of the evolution equation for λ = 3/2 and
λ = 1/2 baryons where the two lowest anomalous dimen-
sions for the λ = 1/2 operators (one for each parity) are
separated from the rest of the spectrum by a finite ‘mass

gap’. These special states can be interpreted as baryons

with scalar diquarks. Their results may support Carlson’s

solution [94] to the puzzle that the proton to∆ form factor

falls faster [21] than other p → N∗ amplitudes if the ∆
distribution amplitude has a symmetric x1x2x3 form.

SINGLE-SPIN POLARIZATION EFFECTS

AND THE DETERMINATION OF

TIMELIKE PROTON FORM FACTORS

Although the spacelike form factors of a stable hadron

are real, the timelike form factors have a phase structure re-

flecting the final-state interactions of the outgoing hadrons.

In general, form factors are analytic functions Fi(q2) with
a discontinuity for timelike momentum above the physical

threshold q2 > 4M2. The analytic structure and phases of
the form factors in the timelike regime are thus connected

by dispersion relations to the spacelike regime [95, 96, 97].

The analytic form and phases of the timelike amplitudes

also reflects resonances in the unphysical region 0 < q2 <
4M2 below the physical threshold [95] in the JPC = 1−−

channel, including gluonium states and di-baryon struc-

tures.

Any model which fits the spacelike form factor data with

an analytic function can be continued to the timelike re-

gion. Spacelike form factors are usually written in terms

of Q2 = −q2. The correct relation for analytic con-

tinuation can be obtained by examining denominators in

loop calculations in perturbation theory. The connection is

Q2 → q2e−iπ, or

ln Q2 = ln(−q2) → ln q2 − iπ . (14)

If the spacelike F2/F1 is fit by a rational function of Q2,

then the form factors will be relatively real in the timelike

region also. However, one in general gets a complex result

from the continuation.

At very large center-of-mass energies, perturbative

QCD factorization predicts diminished final interactions in

e+e− → HH, since the hadrons are initially produced
with small color dipole moments. This principle of QCD

color transparency [98] is also an essential feature [99] of

hard exclusive B decays [100, 101], and it needs to be

tested experimentally.

There have been a number of explanations and theoreti-

cally motivated fits of the new Jefferson laboratory F2/F1

Lepage and Sjb 
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PQCD and Exclusive Processes

• Iterate kernel of LFWFs when at high virtuality; distribution 
amplitude contains all physics below factorization scale

• Rigorous Factorization Formulae: Leading twist

• Underly Exclusive B-decay analyses

• Distribution amplitude: gauge invariant, OPE, evolution 
equations, conformal expansions

• BLM scale setting: sum nonconformal contributions in scale 
of running coupling

• Derive Dimensional Counting Rules/ Conformal Scaling

M =
∫ ∏

dxidyiφF (x, Q̃)×TH(xi, yi, Q̃)φI(yi, Q)

Lepage; SJB
Efremov, Radyuskin
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Timelike Proton Form Factor

Symmetrize

August 21, 2005

Φ(x, z = z0 = 1
ΛQCD

) = 0
In the large ! limit:
M2 = π2

4 !2Λ2
QCD

Conformal Symmetry – Property of classical renormalizable Lagrangian

Poincare transformations plus

dilatation : xµ → λxµ

plus

conformal transformations : inversion[xµ → −xµ

x2
] × translation × inversion

F (s) ∝ log−2 s
Λ2

s2

1

√
s =

e+

q

q̄

γ∗

e−

µ+

Quark counting for 3 quarks in proton

nq - 1  = 3 - 1 = 2 
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HADRON05 Aug. 22, 2005
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CLEO

Proton timelike form factor. Kaon timelike form factor.

Q2|FK(13.48 GeV2)| = 0.85 ± 0.05(stat) ± 0.02(syst) GeV2

Q4|Gp
M(13.48 GeV2)|/µp = 0.91 ± 0.13(stat) ± 0.06(syst) GeV4

The proton magnetic form factor result agrees with that measured in the reverse
reaction pp̄ → e+e− at Fermilab. The kaon form factor measurement is the first

ever direct measurement at |Q2| > 4 GeV2.

The pion form factor is being measured.

Northwestern University 16 K. K. Seth

Seth

Test of quark counting rule: timelike form factorsQ4Fp(Q2)

Q2FK(Q2)

FH(t) ∝ 1
tnH−1

MAB→CD(s, t) = F (θcm)
sntot−4

dσ
dt (s, t) = F (θcm)

s[2ntot−2]

s = E2
cm

Q4GMp(Q
2)

Q2FK(Q2)

FH(t) ∝ 1
tnH−1

MAB→CD(s, t) = F (θcm)
sntot−4

dσ
dt (s, t) = F (θcm)

s[2ntot−2]

s = E2
cm

s = E2
cm = Q2

Q4GMp(Q
2)

Q2FK(Q2)

FH(t) ∝ 1
tnH−1

MAB→CD(s, t) = F (θcm)
sntot−4

dσ
dt (s, t) = F (θcm)

s[2ntot−2]



 
 Stan Brodsky,  SLAC QCD PhenomenologyNNPSSJuly 2006 67

• Bjorken Scaling of  DIS

• Counting Rules of Structure Functions at large x

• Dimensional Counting Rules for Exclusive 
Processes and Form Factors

Conformal Behavior of LFWFs 
Predicted by AdS/CFT Leads to 

PQCD Scaling Laws


